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ABSTRACT 
 
 

CORY JAMES LIU.  Skin effect in large bi-media power conductors  (Under the direction 
of DR. VALENTINA CECCHI and DR. SHERIF KAMEL) 
 
 

This dissertation work presents the development of a novel closed-form 

mathematical solution for calculating AC resistance in conductors of two different media 

using current density.  Current density is non-uniform under AC current, and is directly 

responsible for the increase in AC over DC resistance of a conductor.  Therefore, a solution 

is presented using the current density distribution under AC operation.  This solution is 

then expanded to a conductor using two different media.  Results using the obtained closed-

form solution are validated against the solution using multiphysics finite element analysis 

(FEA).  These theoretical results are then confirmed with laboratory measurements.  

Optimized bi-media conductor designs are determined by solving the AC current density 

equations and selecting the appropriate media proportion to minimize conductor AC 

resistance.  These optimized designs are evaluated against all types of existing large 

segmented copper power conductors of equal AC resistance and shown to reduce cost and 

weight.  Additionally, an extensive analysis is presented such that cost ratios of the two 

media can be used to determine cost effectiveness.  Finally, given the complexity of the 

analytical solution, simplified calculation methods are proposed that demonstrate the 

practicality of their implementation. 
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CHAPTER 1:  INTRODUCTION 
 
 

1.1 Overview 

This chapter introduces the phenomenon of increased resistance of a conductor 

operating under AC current as opposed to DC current.  Although this phenomenon, referred 

to as skin effect, has long been understood for a few simple constructions, namely solid 

round conductors [1] and solid tube conductors [2], a mathematical solution for bi-media 

does not currently exist.  Therefore, the background and motivation for development of an 

analytical solution using bi-media is discussed, a historical overview of the development 

of the two existing solutions is reviewed, and the research that followed these mathematical 

solutions is examined.  During this literature review commentary is made on how the focus 

of past research and development has changed, up to current day ongoing research on this 

topic.  The chapter concludes with an overview of the remaining body of this dissertation 

and how it is organized. 

1.2 Background and Motivation 

Currently, conductors rely on a single metal to carry the bulk of the current/power.  

Some special bi-media designs are used, however the intention is only to use one metal as 

the current carrying material and the other for desirable application driven properties.  For 

example, in the power industry ACSR conductors use aluminum for its electrical 

conductivity and low weight in conjunction with steel for its mechanical strength [3].  

Copper-clad aluminum (CCA) conductors use an aluminum layer over copper for its 
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corrosion resistance and electrical contact [4].  In fact, for ACSR conductors it can be 

assumed that all current is distributed solely in the aluminum part [5].  At higher 

frequencies, practically all of the current travels on a thin layer just below the surface of 

the conductor [6], and thus hollow conductors are typically used to reduce cost and weight 

in applications such as antenna design in microwave engineering.  In power engineering 

some special hollow conductor designs exist.  However, as discussed in later sections such 

designs use the hollow conductor core for application purposes and are not optimized to 

minimize AC resistance.  Since the current travels mostly on the skin of the conductor the 

term “skin effect” is used to describe the effect of AC current [7].  Skin depth is a related 

characterizing term, which refers to the depth at which the current density is reduced to 

1/e, or approximately 37%, of the surface value [8].  Stated practically, this means that skin 

depth is the depth at which the uniform DC current density is equal to the exponentially 

distributed AC current density [9].  It also means that AC resistance can be found 

approximately using skin depth, since the AC resistance of a solid conductor is 

approximately equal to the DC resistance of an equivalent cross-sectional area solid tube 

conductor with thickness equal to the skin depth [10].  If the skin depth is greater than the 

conductor radius then AC and DC resistance are approximately equal.  At 60 Hz, a 240 

mm2 copper conductor has a radius that is approximately equal to the skin depth; as a result, 

the increase in AC resistance from DC resistance is only about 1%.  Although the AC 

current density in a conductor cannot be physically measured, it can be verified by the 

effects it produces, namely the excitation of external magnetic field [11].  Additionally, the 

magnetic field inside the conductor can also not be measured, however it is calculable 

outside the conductor using the Biot-Savart law [11]. 
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At high frequencies the conductor diameter is typically orders of magnitude larger 

than the skin depth.  This allows for the core to be removed at a certain point with negligible 

effect on AC resistance.  For power frequencies, although removing the core causes a more 

uniform distribution of current density, the resulting AC resistance is still usually greater 

than a conductor with the core intact [12].  Even for applications at power frequencies, skin 

effect on small conductors cannot be ignored since mathematical models of intermittent 

earth faults must include the more pronounced skin effect occurring in the high frequency 

content found in real world disturbance recordings [13].  In fact, even DC cable conductors 

experience high frequency ripple currents from converters resulting in increased 

resistances due to the skin effect [14]. 

The power industry constantly pushes the boundaries of conductor sizes for higher 

power transmission capacity, resulting in higher AC/DC resistance ratios.  This causes a 

decreasing return in conductor load capacity although more of the costly metal is being 

used.  The increased resistance ratios at power frequencies over the range of conductor 

sizes can lead to as much as a twofold increase in effective resistance [15].   

The key to formulating the mathematical solution for AC resistance is in 

understanding the current density behavior.  DC current uniformly distributes current 

density over the entire cross-section of a conductor.  Alternating current, however, 

increases the current density towards the surface of the conductor while reducing it away 

from the surface, due to the skin effect phenomenon [16].  This uneven current distribution 

reduces the effective cross-sectional area of the conductor, and thus increases resistance.  

Large power conductors are usually circular in shape, which facilitates the manufacturing 

process.  Additionally, a circular conductor is ideal for having the lowest AC resistance 
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when compared to other solid shapes of equal cross-sectional area [17].  Since the current 

density under AC current is highest at the conductor surface and decreases exponentially 

with radial distance from the surface, it is more pronounced on larger diameter conductors.  

Skin depth decreases more rapidly for higher conductivity materials, higher permeability 

materials, and higher operating frequencies [8]. 

There are only two conductor shapes that have analytical solutions published in the 

literature:  solid round conductors [1] and solid round hollow tubes [18].  It can further be 

shown that the solid round conductor is a special case of the solid round hollow tube 

conductor derivation [19].  However, conductors of any other shapes only have 

approximate solutions based on measurements and empirically derived equations.  

Previously, an attempt at deriving the skin effect in a laminated conductor (the application 

of a high conductivity material on a lower conductivity material, such that nearly all the 

current flows in the outer higher conductivity material) had been shown in [20], but results 

were incorrect due to the omission of the behavior of the electromagnetic (EM) wave 

between the two different media [21].  Besides studies resulting in simplified equations, 

researchers have also studied simplified mathematical models for skin effect.  The 

simplified equations present polynomial formulas based on curve fitting that mimic the 

true solution but do not require Bessel functions and imaginary numbers.  The simplified 

mathematical models use modelling techniques to approximate the skin effect 

phenomenon.  Some such methods include modeling the conductor using lumped circuit 

parameters for an equivalent circuit [19] or solving the equations using Fourier transforms 

[22] [23].  Still, the Bessel function solution is the only true analytical solution.  The 
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problem with the simplified equations and simplified mathematical models is that the 

accuracy of both of these approaches only holds true over a certain frequency range.   

Aside from the more common method of solving for skin effect using Maxwell’s 

equations in differential form, it has been shown that skin effect may also be solved in 

integral form [6].  Generally, Bessel functions in integral form are only used for solving 

boundary conditions, and have limited applications [24].  These solutions require the 

conducting medium be linear, isotropic, homogeneous, isothermal and non-ferrous.  

Although there can be a small radial temperature gradient that creates non-uniform radial 

current density, it is usually negligible [25].  However, this radial temperature gradient 

should be kept in mind for applications involving stranded conductors with large 

temperature gradients, such as overhead transmission, since radial thermal conductivity is 

only about one-hundredth the axial thermal conductivity [26].  It has been reported that in 

the most extreme conditions the conductor radial temperature gradient may be as high as 

40°C at a core temperature of 200°C.   However, a task force was formed to address this 

concern and it was found that while conductors routinely experience temperature gradients 

around 10% of their rating, the impact on AC resistance estimates is negligible [27].  The 

media must be assumed non-ferrous, otherwise they would become magnetized and hence 

not be independent of current [28].  It should be kept in mind that current may indirectly 

influence the skin effect due to heating, as the resistivity of metals is temperature 

dependent.  Increased temperature increases material resistivity, which in turn increases 

the skin depth.  This means that at higher temperature the skin effect of a conductor is 

lower [29]. 
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The non-uniform AC current density distribution and resulting AC resistance is 

difficult to calculate even for symmetrical shapes due to the complexity of Bessel functions 

involved in the solution [30].  Bessel functions are the solutions of second-order differential 

equations governing the current density distribution in the conductor.  Large conductors 

are often stranded to increase flexibility, which distorts the current density due to the 

reactance of the spirals [31].  However, it is only a small fraction of the skin effect and 

considered negligible [32].  Stranding conductors introduces more difficulties in finding 

analytical solutions, such as the asymmetric shape of the conductor, non-regular strand 

distribution and elliptical shape of the strands [33].  Because of the complexity of 

calculating AC/DC resistance ratios using Bessel functions in analytical solutions, much 

literature has focused on proposing simplified equations [34] [35] [2] [36] [18] [37] [38] 

[5] [23] or using PCs to iteratively solve the problem [39].  The simplified equations often 

either focus on low or high frequencies, as the skin effect becomes asymptotic.  At low 

frequencies, such as power frequencies, the skin effect is inversely proportional to the 

square of the radius; at high frequencies, it becomes inversely proportional to the radius 

alone [6].  Because analytical solutions do not exist for non-symmetric shapes, including 

stranded designs, some researchers have focused on proposing test methodologies [40] [41] 

[42] [43] and verifying the results [44] [45] [46].  Experimental data has shown that the 

AC/DC resistance ratio of a stranded conductor is approximately equal to that of a solid 

conductor having the same cross-sectional area, with negligible error [31] [32].  

Before delving into the physics of why AC resistance is greater than DC resistance 

it is important to understand the history of how the existing closed-form solutions for the 

solid round conductor and solid round hollow tube conductor were derived.  Studies of skin 
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effect go back over a century and mathematics for all but these two most simple geometries 

remains a mystery. 

1.3 Prior Work 

The first part of this section reviews the historical development of the two existing 

closed-form solutions:  a solid round conductor and a solid tube conductor.  This includes 

the work done by others to verify these solutions.  The second part of this section discusses 

the work done after these solutions were developed and verified, all the way up to current-

day ongoing research activities. 

1.3.1 Historical Overview 

There are many good resources that detail the historical development of the closed-

form solution of AC resistance in a solid round wire [6] [16].  James Clerk Maxwell was 

the first to begin investigation on why resistance and inductance varied on a wire due to a 

change in the frequency of the applied voltage and current.  Dating back to 1873, Maxwell 

understood that the current density was not uniform under AC conditions, as it was under 

DC conditions.  In his treatise [1] he detailed this effect in writing “when the current in a 

wire is of varying intensity (time dependent), the electromotive force arising from the 

induction of the current on itself is different in different parts of the section of a wire, being 

in general a function of the distance from the axis of the wire as well as of time…the current 

will not be the same at different distances from the axis of the cylinder.”  Maxwell’s treatise 

in its current form underwent two posthumous reviews, which is why it now presents a 

fully developed solution in terms of Bessel functions [47].  However, Maxwell did not fully 

understand the mathematics of the phenomena at the time of the original authorship. 
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A group of British scientists, known as the Maxwellians, were responsible for the 

development of the solution as we know it today.  In particular, George Francis Fitzgerald, 

Oliver Lodge, and Oliver Heaviside formulated the solution by the end of the 19th century 

[48] [49] [50] [51] [52] [53].  Also involved, was Lord Rayleigh who refined Maxwell’s 

model for time-harmonic sources [54].  Lord Rayleigh also produced equations 

approximating AC resistance and internal inductance at high frequencies.  These results 

were confirmed through work by Heaviside [55] [56] and solved in terms of Bessel 

functions by Lord Kelvin across all frequencies [57].  Additionally, Heaviside first 

developed the solution for solid round tube conductors [58] [59] .  Due to the impracticality 

of solving complex valued Bessel functions by hand, tabulated values were commonly used 

at the time.  The values were given by Lord Kelvin for the real and imaginary parts of the 

Bessel function [57] [60] [61].  Due to equipment limitations, these results could not be 

accurately verified until sources of high-frequency AC current became available.  This was 

first done at the Massachusetts Institute of Technology (MIT) in 1915 by Arthur Kennelly 

[31].  Using rotating machines to generate AC currents up to 100 kHz and a Heaviside 

bridge, the professor of electrical engineering was able to confirm the closed-form solution 

of both the solid round and solid round tube conductors.  The work of Kennelly was also 

able to confirm that stranded conductors manufactured with strands that were not twisted 

had the same AC/DC resistance ratios as solid conductors having the same cross-sectional 

areas.  Additionally, if the conductors were stranded with helically applied strands, the 

same is approximately true with negligible error.  These results of helically stranded 

conductors were later verified by John Zaborszky in 1953 [32]. 
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1.3.2 Current Research 

Following the development of the closed-form solutions for AC resistance of solid 

round and solid round tube conductors, the research activities have encompassed three 

main areas:  design, measurement, and approximation.  The goal in design of conductors 

is to mitigate skin effect.  How this is done is dependent on the frequency range of the 

application.  At low/power frequencies, special designs have not always been necessary.  

However, throughout history power demands have continuously increased, giving rise to 

larger and larger cross-sectional area conductors.  When the conductors became 

sufficiently large (> 1000 mm2) the skin effect so negatively impacted AC resistance that 

the solution of using segmented conductors was developed.  Segmented conductors are 

also known as Milliken conductors, as they were developed and patented by Henry 

Milliken [62] [63].  These conductors consist of multiple pie-shaped segments that are 

twisted together around a round conductor, form, or air gap.  Typical stranded and 

segmented copper and aluminum conductor designs are shown in FIGURE 1-1: 

 

FIGURE 1-1: Stranded (left) and segmented (right) conductors 

The effectiveness of this design is dependent on the current’s inability to pass 

between segments, effectively making this a larger cross-section conductor composed of 
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smaller individual conductors not as susceptible to the skin effect as a single large 

conductor would be.  With segmented conductors being the typical design for large 

conductors in power frequency applications a lot of work is also being done to examine 

different design properties, such as construction and number of the individual segments 

[64].  A similar theoretical technique of dividing the conductor into multiple parts is used 

at mid-frequency ranges (above power frequencies but less than tens or hundreds of kHz) 

in a design known as Litz wires [65].  In Litz wires, individual wires of the conductor are 

fully separated and insulated from each other.  However, for high current applications (such 

as at power frequencies where the current is typically over a few hundred amperes), this 

type of conductor is not recommended since current would be unequal between individual 

conductors.  At high frequencies, the depth at which the current flows is so small that the 

technique of plating is more commonly deployed.  Plating involves the application of a 

highly conductive metal on top of another medium, such that all but a negligible amount 

of current under AC conditions travels within the outer plated metal. 

Laboratory work has been a critical component in the development of designs to 

reduce skin effect.  The two main areas of laboratory work include test equipment and 

testing methodology, as well as verification of theoretical results.  The accuracy of test 

equipment has historically driven the refinement of analytical solutions in many fields.  

There are a couple of different techniques for measuring DC resistance.  These include a 

Kelvin bridge, a DC potentiometer, or a precision digital voltmeter with a standard resistor.  

Measurement of AC resistance is much more difficult and has been developed over the 

years.  After the Heaviside bridge was initially used at MIT in 1915, the Arnold bridge was 

later developed in 1935 [41].   Later, the AC coordinate potentiometer was used in 1948 
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[40].  These remained the preferred methods until voltage and current probe techniques 

[42] and later a high precision Kelvin bridge modified for measuring AC resistance was 

used in 1978 [66].  Finally, the four-terminal impedance current transformer bridge was 

later used in 1979 [67] [68] [43].  Because of the lack of a closed-form solution for 

segmented conductors a lot of research into the measurement of their AC resistance is still 

ongoing in the industry [44] [46].  Kouichi Sugiyama is currently credited for having 

developed the closest model for segmented conductors to date [69], although others have 

recommended modifications to the formulas due to the enormous amount of manufacturing 

variability [70]. 

With the development of new designs and verification of theoretical work through 

laboratory measurements, the final challenge is to make it possible to implement the work.  

The complexity in solving Bessel functions was overcome by Lord Kelvin by using 

tabulated values, however this was still very tedious and time consuming.  A lot of work 

has been done in the 20th century to address this [35] [2] [36] [18] [37] [38] [5] [23].  Most 

of these works include simplified polynomial equations, which are applicable over a certain 

frequency range.  This is because the skin effect, for a smaller Bessel function input 

argument (typical at low frequencies) has a different behavior than a large input argument 

(typical at high frequencies).  With the advent of PCs, the calculation of Bessel functions 

no longer poses the same problems.  However, PCs also have had their limitations in 

implementing Bessel functions using numerical methods throughout the years, so research 

was also done to reduce such constraints [39].  Particularly, software errors can occur when 

Bessel functions require large input arguments [71]. 
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1.4 Dissertation Overview and Organization 

This dissertation provides a complete solution within the context of research 

activities related to skin effect.  From a design point of view, skin effect in bi-media 

conductors is formulated.  Then, from a measurement perspective, the theory is 

experimentally validated.  Finally, from an approximation standpoint, simplified equations 

for the design of bi-media conductors are presented, accompanied by a selection 

methodology and cost analysis for implementation. 

First, the closed-form mathematical solution for calculating AC resistance in 

conductors of two different media is presented.  Current density is non-uniform under AC 

current, and is directly related to the increase in AC over DC resistance of a conductor.  

Therefore, a solution is first presented using the current density under AC operation as 

opposed to its operation under DC current for a single medium.  This method differs from 

that used in existing literature, which solves for AC resistance using solely Bessel 

functions.  It is shown that identical results are obtained using the method of current density 

that is proposed.  This solution is then expanded to a conductor using two different media.  

Following the mathematical solutions, a comparison of results using the obtained closed-

form solution is compared to the solution using finite element analysis (FEA).  Finally, 

these theoretical results are compared to laboratory measured AC resistances on two 

designs manufactured with bi-media.  Results all show that the derived solution is 

consistent with FEA calculations and measured values. 

Using the theoretical solutions verified with laboratory measurements, the 

development of standardized sizes for usage within the power industry is presented.  For 

equivalent cost comparison, it is of interest to see how bi-media designs compare to current 
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design technologies.  Analysis is presented detailing cost savings for these designs and a 

methodology for choosing the most cost effective solution.   

Finally, due the complexity of the solution, simplified equations are presented to 

aid in the design of bi-media conductors.  These only require simple mathematical 

equations and calculation methods known to current industry practitioners, as opposed to 

requiring knowledge of Bessel functions and advance modeling tools. 

Considerations made on the application of bi-media designs are focused on large 

conductors operating at power frequencies (50 and 60 Hz).  However, as the increase in 

resistance is a function of frequency the solution also is applicable to smaller conductors 

operating at higher frequencies [36].    This point is made clearer through the derivation of 

the skin effect.  To follow the derivation a background of EM theory is required, and is 

therefore presented next.  The theory discussed is catered to the formulation of AC 

resistance, and is therefore not meant to be comprehensive.  For the interested reader 

references are provided that discuss the mathematical background in its entirety. 

 



 
 
 
 
 
 

CHAPTER 2:  BACKGROUND 
 
 

2.1 Overview 

This chapter provides the theoretical background for calculating skin effect solely 

with Bessel functions, which is required to understand the closed-form solution developed 

for calculation of skin effect using current density in single and bi-media conductors.  The 

topics discussed are focused on the application within this dissertation, and therefore are 

not meant to be exhaustive.  Skin effect calculations require working knowledge of vector 

calculus and field theory.  Using these, Maxwell’s equations are presented, as the starting 

point for the derivation of skin effect.  Because Bessel functions are involved in the 

derivation, these are discussed, as well.  Next, DC resistance is presented, followed by a 

full derivation of AC resistance in a solid round conductor.  Finally, an overview of how 

this solution is implemented in the industry through simplified polynomial equations is 

explained. 

2.2 Vector Calculus 

For the derivations provided in this dissertation all mathematical solutions are 

performed in cylindrical coordinates.  This greatly simplifies the mathematics, and is the 

reason closed-form solutions only exist for symmetrically round shapes.  Rectangular 

coordinates (x, y, z) are mapped to cylindrical coordinates (r, φ, z) using: 

𝑟𝑟 = �𝑥𝑥2 + 𝑦𝑦2 (1) 
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𝜑𝜑 = tan−1 �
𝑦𝑦
𝑥𝑥
� (2) 

𝑧𝑧 = 𝑧𝑧 (3) 

And shown graphically in FIGURE 2-1: 

 

FIGURE 2-1: Cylindrical coordinates 

Certain line, surface and volume integrals are also used, particularly as they relate 

to cylinders: 

2𝐷𝐷 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 𝐼𝐼𝐿𝐿𝐼𝐼𝐿𝐿𝐼𝐼𝑟𝑟𝐼𝐼𝐼𝐼 = �𝑑𝑑𝑳𝑳
𝐿𝐿

 (4) 

2𝐷𝐷 𝑆𝑆𝑆𝑆𝑟𝑟𝑆𝑆𝐼𝐼𝑆𝑆𝐿𝐿 𝐼𝐼𝐿𝐿𝐼𝐼𝐿𝐿𝐼𝐼𝑟𝑟𝐼𝐼𝐼𝐼 = �𝑑𝑑𝑺𝑺
𝑆𝑆

 (5) 

3𝐷𝐷 𝑆𝑆𝑆𝑆𝑟𝑟𝑆𝑆𝐼𝐼𝑆𝑆𝐿𝐿 𝐼𝐼𝐿𝐿𝐼𝐼𝐿𝐿𝐼𝐼𝑟𝑟𝐼𝐼𝐼𝐼 = �𝑑𝑑𝑺𝑺
𝑆𝑆

 (6) 

3𝐷𝐷 𝑉𝑉𝑉𝑉𝐼𝐼𝑆𝑆𝑉𝑉𝐿𝐿 𝐼𝐼𝐿𝐿𝐼𝐼𝐿𝐿𝐼𝐼𝑟𝑟𝐼𝐼𝐼𝐼 = �𝑑𝑑𝑑𝑑
𝑉𝑉

 (7) 
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Note that bold font throughout the dissertation always denotes vectors.  These 

equations are used to work with the material in integral form.  The corresponding graphics 

for these equations are shown in FIGURE 2-2: 

 

FIGURE 2-2: 2D (left) and 3D (right) surfaces 

Maxwell’s equations, along with the derivation of skin effect, are more easily 

represented in differential, or point, form.  These forms utilize differential operators known 

as the gradient, curl, divergence, and Laplacian, which are represented by the del operator 

(∇).  The gradient (generalization of the derivative concept), curl (characterizes rotation at 

a point), divergence (characterizes outward flux at a point), and Laplacian (divergence of 

the gradient) formulas, respectively, are: 

𝛻𝛻𝑉𝑉 =
∂𝑉𝑉
∂𝑟𝑟 𝒓𝒓� +

1
𝑟𝑟
∂V
∂𝜑𝜑𝝋𝝋� +

∂𝑉𝑉
∂𝑧𝑧 𝒛𝒛� (8) 

𝛻𝛻𝑥𝑥𝑉𝑉 = �
1
𝑟𝑟
∂𝑉𝑉𝑧𝑧
∂𝜑𝜑 −

∂𝑉𝑉𝜑𝜑
∂𝑧𝑧 � 𝒓𝒓� + �

∂𝑉𝑉𝑟𝑟
∂𝑧𝑧 −

∂𝑉𝑉𝑧𝑧
∂𝑟𝑟 �𝝋𝝋� +

1
𝑟𝑟
�
∂�𝑟𝑟𝑉𝑉𝜑𝜑�
∂𝑟𝑟 −

∂𝑉𝑉𝑟𝑟
∂𝜑𝜑� 𝒛𝒛� 

(9) 

𝛻𝛻 ∙ 𝑉𝑉 =
1
𝑟𝑟
∂
∂𝑟𝑟

(𝑟𝑟𝑉𝑉𝑟𝑟) +
1
𝑟𝑟
∂𝑉𝑉𝜑𝜑
∂𝜑𝜑 +

∂𝑉𝑉𝑧𝑧
∂𝑧𝑧  (10) 
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𝛻𝛻2𝑉𝑉 =
1
𝑟𝑟
∂
∂𝑟𝑟 �𝑟𝑟

∂𝑉𝑉
∂𝑟𝑟� +

1
𝑟𝑟2
∂2𝑉𝑉
∂𝜑𝜑2 +

∂2𝑉𝑉
∂𝑧𝑧2  (11) 

The vector fields of the gradient, curl, and divergence can be shown graphically in FIGURE 

2-3: 

 

FIGURE 2-3: Gradient (left), curl (middle), and divergence (right) 

Finally, there are two important theorems that are introduced [24].  These two 

theorems are used to convert Maxwell’s Equations between integral and differential forms.  

First is the divergence theorem (also known as Gauss’s theorem) that relates the 3D volume 

and surface integrals.  This means it relates the flux through a volumetric surface to the 

behavior inside.  This theorem is shown here: 

�𝛻𝛻 ∙ 𝐴𝐴 𝑑𝑑𝑉𝑉
𝑉𝑉

= �𝑨𝑨 ∙ 𝑑𝑑𝑺𝑺
𝑆𝑆

 (12) 

Second is Stokes’ theorem that relates the 2D surface integral of the curl and line 

integral over its boundary.  This theorem is shown here: 

�(𝛻𝛻𝑥𝑥𝑨𝑨) ∙ 𝑑𝑑𝑺𝑺
𝑆𝑆

= �𝑨𝑨 ∙ 𝑑𝑑𝑳𝑳
𝐿𝐿

 (13) 
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2.3 Field Theory  

To work with Maxwell’s equations, and eventually derive skin effect, field theory 

needs to be fully understood.  Electric field is a vector representing the electrical force on 

a unit charge at a given distance: 

𝑬𝑬 =
𝑞𝑞

4𝜋𝜋𝑟𝑟2𝜀𝜀
 (14) 

This is a measurement of intensity, which decreases with the square of the distance.  

Electric flux is a scalar field originating from a charge.  Electric flux can be expanded to 

electric flux density, which is a measure of electric flux through a surface: 

𝑫𝑫 = 𝜀𝜀𝑬𝑬 (15) 

Note that electric field and electric flux are related through the permittivity of the medium, 

ε.  The permittivity measures the polarization, or ability of the body to store an electric 

charge.  Equation (15) is the first of the constitutive equations, which characterizes the 

response of a material to an applied electric field.  The permittivity is commonly written in 

terms of the permittivity of free space (i.e. in a vacuum) times the relative (to that of free 

space) permittivity of a given medium: 

𝜀𝜀 = 𝜀𝜀0𝜀𝜀𝑟𝑟  (16) 

Therefore, the higher the relative permittivity the more easily the medium stores an electric 

charge.   

Magnetic field is a vector representing the magnetic force on a unit charge at a 

given distance, which due to an enclosed current: 

𝑯𝑯 =
𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒
2𝜋𝜋𝑟𝑟

 (17) 
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Magnetic field, like electric field, is also a measurement of intensity, which 

decreases with distance.  It can be observed, as to be discussed later, that this is Ampère’s 

law [24].  Maxwell was the first to show the relationship between electric and magnetic 

forces, being that they are an interrelated part of electromagnetism [72].  Magnetic flux is 

a scalar measurement of magnetic field passing through a surface.  This can be expanded 

to magnetic flux density, which is a measure of magnetic flux through a surface: 

𝑩𝑩 = 𝜇𝜇𝑯𝑯 (18) 

Note that magnetic field and magnetic flux density are related through the permeability of 

the medium.  The permeability measures the magnetization, or ability of the body to 

support the formation of a magnetic field.  Equation (18) is the second of the constitutive 

equations, which characterizes the response of a material to an applied magnetic field.  Like 

permittivity, permeability is also commonly written in terms of the permeability of free 

space (i.e. in a vacuum) times the relative (to that of free space) permeability of a given 

medium: 

𝜇𝜇 = 𝜇𝜇0𝜇𝜇𝑟𝑟 (19) 

Therefore, the higher the relative permeability the more easily the medium stores a 

magnetic charge.   

The third and final constitutive equation is: 

𝑱𝑱𝑒𝑒 = 𝜎𝜎𝑬𝑬 (20) 

Equation (20) shows the relationship between the conducting current density and the 

electric field, as related through the material conductivity.  The conductivity represents 

how readily the material allows the flow of electric current.  It can be observed that this is 

Ohm’s law in circuit theory, which is later discussed in more detail.  In general, materials 
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are classified into three categories:  dielectrics, magnetics, and conductors.  These 

represent, respectively, the predominant phenomena of the material being either 

polarization, magnetization, or conduction [24].  However, these properties are not 

mutually exclusive.  A good conductor is defined as a material where the conducting 

current density is much greater than the displacement current density.   

Note that circuit theory is a special case of the more general field theory equations.  

Many textbooks cover the relationships between the two, one from which a summary of 

notable parameters is given on TABLE 2-1 [24]: 

TABLE 2-1: Field theory parameters 

Field Theory 
Row Symbol Description 

1 E electric field 
2 H magnetic field 
3 D electric flux density 
4 B magnetic flux density 
5 J electric current density 
6 M magnetic current density 

7 𝑱𝑱𝑑𝑑 = 𝜀𝜀
𝜕𝜕𝑬𝑬
𝜕𝜕𝐼𝐼

 electric displacement current density 

8 𝑴𝑴𝑑𝑑 = 𝜇𝜇
𝜕𝜕𝑯𝑯
𝜕𝜕𝐼𝐼

 
magnetic displacement current 

density 
9 𝑱𝑱𝑒𝑒 = 𝜎𝜎𝑬𝑬  electric conduction current density 
10 𝑫𝑫 = 𝜀𝜀𝑬𝑬  dielectric material 
11 𝑩𝑩 = 𝜇𝜇𝑯𝑯  magnetic material 
12 𝛻𝛻𝑥𝑥𝑬𝑬 = −𝜕𝜕𝑩𝑩

𝜕𝜕𝜕𝜕
  Maxwell's 3rd equation  

13 𝛻𝛻 ∙ 𝑩𝑩 = 0  Maxwell's 2nd equation 

The equivalent circuit theory variables and equations are shown on TABLE 2-2: 
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TABLE 2-2: Circuit theory parameters 

Circuit Theory 
Row Symbol Description 

1 V voltage 
2 I current 
3 𝜌𝜌𝑒𝑒 electric charge density 
4 𝜌𝜌𝑚𝑚 magnetic charge density 
5 𝐼𝐼𝑒𝑒 electric current 
6 𝐼𝐼𝑚𝑚 magnetic current 

7 𝐼𝐼 = 𝐶𝐶
𝑑𝑑𝑉𝑉
𝑑𝑑𝐼𝐼

 current through a capacitor 

8 𝑉𝑉 = 𝐿𝐿
𝑑𝑑𝐼𝐼
𝑑𝑑𝐼𝐼

 voltage across an inductor 

9 𝐼𝐼 =
𝑉𝑉
𝑅𝑅

 Ohm's law 

10 𝑞𝑞 = 𝐶𝐶𝑉𝑉 charge in a capacitor 
11 ψ = 𝐿𝐿𝐼𝐼 flux of an inductor 

12 �𝑉𝑉 = 0 Kirchhoff's voltage law 

13 �𝐼𝐼 = 0 Kirchhoff's current law 

2.4 Maxwell’s Equations 

Maxwell’s equations are four equations presented by Maxwell that form the basis 

of electromagnetic theory.  The first three of Maxwell’s equations had already existed in 

their present or alternate form, whereas the fourth equation is an existing equation modified 

by Maxwell.  The first equation, known as Gauss’s law states that the total flux out of a 

closed surface is equal to the net charge enclosed within the surface.  Mathematically it is 

represented in integral and point forms, respectively, as: 

�𝑫𝑫 ∙ 𝑑𝑑𝑺𝑺
𝑆𝑆

= �𝜌𝜌𝑒𝑒 𝑑𝑑𝑑𝑑
𝑉𝑉

 (21) 

𝛻𝛻 ∙ 𝑫𝑫 = 𝜌𝜌𝑒𝑒 (22) 
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This law states that an electric charge will act as a source or a sink for an electric 

field.   

Maxwell’s second equation, known as Gauss’s law for magnetism, states that the 

total magnetic flux out of a closed surface is equal to the net magnetic charge enclosed 

within the surface, which always must be zero.  Mathematically it is represented in integral 

and point forms, respectively, as: 

�𝑩𝑩 ∙ 𝑑𝑑𝑺𝑺
𝑆𝑆

= 0 (23) 

𝛻𝛻 ∙ 𝑩𝑩 = 0 (24) 

This law implies that magnetic charge does not exist, and therefore every magnetic object 

is a dipole.  This is to be expected, as this is the counterpart of KCL.   

Maxwell’s 3rd equation is the generalization of Faraday’s law.  It states that the 

induced electromotive force in any closed circuit is equal to the rate of change of the 

magnetic flux through the circuit.  Mathematically it is represented in integral and point 

forms, respectively, as: 

�𝑬𝑬 ∙ 𝑑𝑑𝑳𝑳
𝐿𝐿

= −�
𝜕𝜕𝑩𝑩
𝜕𝜕𝐼𝐼

∙ 𝑑𝑑𝑺𝑺
𝑆𝑆

 (25) 

𝛻𝛻𝑥𝑥𝑬𝑬 = −
𝜕𝜕𝑩𝑩
𝜕𝜕𝐼𝐼

 (26) 

This equation shows that a changing magnetic field creates an electric field.  Faraday was 

able to show this time dependence experimentally by winding the wires attached to a DC 

source around a toroid and measuring the voltage between another set of wires around the 

same toroid.  When closing the circuit he observed a momentary spike in voltage with 
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opposite polarity to the battery.  Had he had an AC source he would’ve observed a 

constantly fluctuating voltage measurement.   

Maxwell’s fourth equation is his most important contribution, aside from collecting 

the equations into a single unified theory.  Maxwell’s fourth equation is Ampère’s law plus 

displacement current, which was his contribution.  Ampère’s law states that the line integral 

of the tangential component of the magnetic field strength around a closed path is equal to 

the current enclosed by the path, represented mathematically by: 

�𝑯𝑯 ∙ 𝑑𝑑𝑳𝑳
𝐿𝐿

= 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒 (27) 

This equation only considers conducting current, and is therefore only valid for DC 

conditions.  It shows that a magnetic field can be created by an electric current.  Maxwell 

added displacement current to this equation, making it universal to both DC and AC 

currents.  Mathematically it is represented in integral and point forms, respectively, as: 

�𝑯𝑯 ∙ 𝑑𝑑𝑳𝑳
𝐿𝐿

= � �𝑱𝑱𝑒𝑒 +
𝜕𝜕𝑫𝑫
𝜕𝜕𝐼𝐼 �

∙ 𝑑𝑑𝑺𝑺
𝑆𝑆

 (28) 

𝛻𝛻𝑥𝑥𝑯𝑯 = 𝑱𝑱𝑒𝑒 +
𝜕𝜕𝑫𝑫
𝜕𝜕𝐼𝐼

 (29) 

In addition to what is shown by the part of this equation representing Ampère’s law, this 

equation also shows that a magnetic field can be created by a time-varying electric flux.   

The forms of Maxwell’s equations given are general, in that they apply to static, 

dynamic, and time-harmonic fields.  The derivations for skin effect utilize the time-varying 

forms of the equations, but all three can be summarized in point form as shown on TABLE 

2-3: 
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TABLE 2-3: Maxwell’s equations 

Static Fields Dynamic Fields Time-Harmonic Fields 
 𝛻𝛻 ∙ 𝑫𝑫 = 𝜌𝜌𝑒𝑒 𝛻𝛻 ∙ 𝑫𝑫 = 𝜌𝜌𝑒𝑒  𝛻𝛻 ∙ 𝑫𝑫 = 𝜌𝜌𝑒𝑒  
 𝛻𝛻 ∙ 𝑩𝑩 = 0 𝛻𝛻 ∙ 𝑩𝑩 = 0  𝛻𝛻 ∙ 𝑩𝑩 = 0  
 𝛻𝛻𝑥𝑥𝑬𝑬 = 0 𝛻𝛻𝑥𝑥𝑬𝑬 = −𝜕𝜕𝑩𝑩

𝜕𝜕𝜕𝜕
  𝛻𝛻𝑥𝑥𝑬𝑬 = −𝑗𝑗𝑗𝑗𝑩𝑩  

 𝛻𝛻𝑥𝑥𝑯𝑯 = 𝑱𝑱𝑒𝑒  𝛻𝛻𝑥𝑥𝑯𝑯 = 𝑱𝑱𝑒𝑒 + 𝜕𝜕𝑫𝑫
𝜕𝜕𝜕𝜕

 𝛻𝛻𝑥𝑥𝑯𝑯 = 𝑱𝑱𝑒𝑒 + 𝑗𝑗𝑗𝑗𝑫𝑫  

Since this dissertation focuses on two-medium conductors, it is also critical to 

understand boundary conditions of electric and magnetic fields between the two dissimilar 

media.  Boundary conditions of the electric field are derived from Maxwell’s 1st and 3rd 

equations, whereas the boundary conditions of the magnetic field are derived from 

Maxwell’s 2nd and 4th equations.  These equations allow for the relation of the tangential 

and normal components of the fields.  A summary from one of many available resources 

giving detailed derivations of these properties is as shown on TABLE 2-4 [24]: 

TABLE 2-4: Boundary conditions 

Field/Flux Parameter General Finite Conductivity Media 
𝑬𝑬𝜕𝜕 𝐿𝐿� 𝑥𝑥 (𝑬𝑬2 − 𝑬𝑬1) = −𝑴𝑴𝑠𝑠  𝐿𝐿� 𝑥𝑥 (𝑬𝑬2 − 𝑬𝑬1) = 0  
𝑯𝑯𝜕𝜕 𝐿𝐿� 𝑥𝑥 (𝑯𝑯2 − 𝑯𝑯1) = 𝑱𝑱𝑠𝑠  𝐿𝐿� 𝑥𝑥 (𝑯𝑯2 − 𝑯𝑯1) = 0  
𝑫𝑫𝑒𝑒 𝐿𝐿� 𝑥𝑥 (𝑫𝑫2 − 𝑫𝑫1) = 𝜌𝜌𝑒𝑒  𝐿𝐿� 𝑥𝑥 (𝑫𝑫2 − 𝑫𝑫1) = 0  
𝑩𝑩𝑒𝑒 𝐿𝐿� 𝑥𝑥 (𝑩𝑩2 − 𝑩𝑩1) = 𝜌𝜌𝑚𝑚  𝐿𝐿� 𝑥𝑥 (𝑩𝑩2 − 𝑩𝑩1) = 0  

2.5 Bessel Functions 

An intermediate step within the derivation of skin effect results in a second-order 

partial differential equation, which relates current density to the radius.  The form of the 

equation encountered is that of the well-known Bessel function [73].  Therefore, employing 

these functions will allow for the representation of current density as a function of the 

radius.  There are three kinds of Bessel functions:  the first kind, second kind, and third 

kind.  Bessel functions of all kinds are related and derived from that of the first kind.  

However, as shown in the derivation for skin effect, it is advantageous to represent the 
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functions in these separate forms since they are mathematically more compact and also 

have physical meanings.  The Bessel function also has a related order, which can be seen 

in the form of the equation it solves here: 

𝑥𝑥2
𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

+ 𝑥𝑥
𝑑𝑑𝑦𝑦
𝑑𝑑𝑥𝑥

+ (𝑥𝑥2 + 𝛼𝛼2)𝑦𝑦 = 0 (30) 

In the context of current density in a solid round wire the order is zero.  The general 

solution of the Bessel function of the first kind is: 

𝐽𝐽𝛼𝛼(𝑥𝑥) = �
(−1)𝑚𝑚

𝑉𝑉!𝛤𝛤(𝑉𝑉 + 𝛼𝛼 + 1)
�
𝑥𝑥
2
�
2𝑚𝑚+𝛼𝛼

∞

𝑚𝑚=0

 (31) 

This has the corresponding plot shown in FIGURE 2-4: 

 

FIGURE 2-4: Bessel function (first kind, zero order) 
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As is shown in the derivation for skin effect, the Bessel function of the first kind 

and zero order fully defines the attenuation of an electromagnetic wave penetrating the 

conductor from its surface.  Note that for copper conductors larger than 800 mm2 the input 

argument is larger than 2.4, which is where the function becomes negative.  This is the 

reason segmented conductors are used on sufficiently large conductors, as introducing 

additional metal has the counterintuitive effect of increasing AC resistance [12].  At power 

frequencies the input argument would not be expected to exceed 4.5, which would 

correspond to a 3000 mm2 copper conductor. 

The Bessel function accepts complex inputs, which current density is.  Because this 

is a second-order partial differential equation there are two unique solutions.  In cases 

where there is a singularity at zero (which exists in the solution for solid round tube 

conductors) a Bessel function of the second kind is used (also known as the Kelvin 

function), whose general solution is shown here: 

𝑌𝑌𝛼𝛼(𝑥𝑥) =
𝐽𝐽𝛼𝛼(𝑥𝑥) cos(𝛼𝛼𝜋𝜋) − 𝐽𝐽−𝛼𝛼(𝑥𝑥)

sin(𝛼𝛼𝜋𝜋)  (32) 

The final Bessel function is that of the third kind, which is also known as the Hankel 

function after Hermann Hankel.  It is a combination of Bessel functions of the first and 

second kinds, and is used to express inward-propagating or outward-propagating 

cylindrical wave solutions.  Mathematically, the general solution for the Hankel function 

of the first kind is: 

𝐻𝐻𝛼𝛼(𝑥𝑥) = 𝐽𝐽𝛼𝛼(𝑥𝑥) + 𝐿𝐿𝑌𝑌𝛼𝛼(𝑥𝑥) =
𝐽𝐽−𝛼𝛼(𝑥𝑥) − 𝐿𝐿−𝛼𝛼𝛼𝛼𝛼𝛼𝐽𝐽𝛼𝛼(𝑥𝑥)

𝐿𝐿 sin(𝛼𝛼𝜋𝜋)  (33) 

The Bessel functions of the first kind is important because it maintains regularity 

at the origin, and the Bessel function of the third kind is important because it maintains 
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regularity at infinity [74].  Before the advent of PCs, these functions all had to be calculated 

by hand.  Therefore, it was common practice to use tabulated value to speed up work [30].  

Now that PCs are used care must be taken such that non-regularities that arise from certain 

Bessel function input arguments do not result in errors [39].  Because the functions consist 

of a real and imaginary part, tables included solutions for both the real and imaginary parts.   

Some derivations also require the derivatives of the Bessel function, which are 

denoted with a prime.  Note that when using separated real and imaginary Bessel functions 

there is no imaginary component of the input.  The Bessel function of the first kind 

separated into real and imaginary parts is as follows: 

𝐽𝐽𝛼𝛼 �𝑥𝑥𝐿𝐿
3𝛼𝛼𝛼𝛼
4 � = 𝑏𝑏𝐿𝐿𝑟𝑟𝛼𝛼(𝑥𝑥) + 𝑏𝑏𝐿𝐿𝐿𝐿𝛼𝛼(𝑥𝑥) (34) 

𝐽𝐽𝛼𝛼′ �𝑥𝑥𝐿𝐿
3𝛼𝛼𝛼𝛼
4 � = 𝑏𝑏𝐿𝐿𝑟𝑟𝛼𝛼′(𝑥𝑥) + 𝑏𝑏𝐿𝐿𝐿𝐿𝛼𝛼′ (𝑥𝑥) (35) 

Likewise, the Bessel function of the second kind (Kelvin function) separated into real and 

imaginary parts is: 

𝑌𝑌𝛼𝛼 �𝑥𝑥𝐿𝐿
𝛼𝛼𝛼𝛼
4 � = 𝑘𝑘𝐿𝐿𝑟𝑟𝛼𝛼(𝑥𝑥) + 𝑘𝑘𝐿𝐿𝐿𝐿𝛼𝛼(𝑥𝑥) (36) 

𝑌𝑌𝛼𝛼′ �𝑥𝑥𝐿𝐿
𝛼𝛼𝛼𝛼
4 � = 𝑘𝑘𝐿𝐿𝑟𝑟𝛼𝛼′(𝑥𝑥) + 𝑘𝑘𝐿𝐿𝐿𝐿𝛼𝛼′ (𝑥𝑥) (37) 

There are many more properties of Bessel functions, including their usage in 

spherical coordinates, derivatives and integrals, alternate forms / modified types, and 

theorems and identities.  These are outside the scope of this dissertation; the reader 

interested in engineering applications of Bessel functions is encouraged to refer to [73]. 
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2.6 DC & AC Resistance 

Although there can be a small radial temperature gradient that creates non-uniform 

radial DC current density, it is usually negligible [25].  Therefore, the current density at 

any point of the conductor can be calculated by: 

𝐽𝐽𝑑𝑑𝑒𝑒 =
𝐼𝐼𝑑𝑑𝑒𝑒
𝐴𝐴

 (38) 

The DC resistance of a conductor is calculated by: 

𝑅𝑅𝑑𝑑𝑒𝑒 =
𝜌𝜌𝐼𝐼
𝐴𝐴

 (39) 

Note that electrical resistivity ρ is a temperature dependent value, and thus Rdc will be as 

well.  The DC resistance for aluminum and copper increases approximately 4% for every 

10°C rise in the temperature of the conductor [33].  Additionally, stranding conductors 

increases DC resistance since the spiraled strands are longer than the conductor itself [75].  

This increase in resistance is commonly estimated at 2% [76].  However, today larger 

designs have more layers of stranded wires on the outside.  This has led to an increased DC 

resistance as high as 4% on large conductor sizes [77]. 

Alternating Current (AC) density, unlike DC, is not uniform throughout a 

conductor due to the skin and proximity effects.  Both phenomena are caused by the 

changing magnetic field of AC current. Specifically, the skin effect is caused by the time-

varying magnetic field created by the AC current flowing within the conductor itself, 

whereas the proximity effect is the influence of this same magnetic field on an external 

conductor [78].  Stranded conductors also have an additional increase in AC resistance 

from the spirality effect.  This is caused by the wires being helically twisted, which slightly 

changes the direction of the magnetic field in the conductor.  This superimposes with the 
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skin effect, of which it only adds a small fraction for non-ferrous materials and is therefore 

negligible [31]. 

The time-varying magnetic field created by a conductor carrying AC current 

decreases exponentially with the distance from the conductor.  Another conductor in the 

presence of this field has a resulting voltage induced on it.  Because the magnetic fields are 

superimposed, the effective AC resistance of both conductors is increased [79].  In the case 

where the current is in the same direction on both conductors, the eddy current circulates 

such that the conducting current is reinforced on the far side of the conductor and opposed 

on the near side [79].  Conversely, if current were flowing in opposite directions, the current 

density distribution would be higher on the inner sides of both conductors.  For example, 

in a coaxial conductor carrying both the go and return currents, the current density is higher 

towards the nearer side of the conductors and lower towards the outsides [9].  A graphical 

representation of the proximity effect of conductors with AC current flowing in the same 

direction is shown FIGURE 2-5: 

 

FIGURE 2-5: Proximity effect 

Proximity effect is proportional to the magnitude of the currents and inversely 

proportional to the distance between the conductors [29].  Until reports in the early 1930s 



 30 

proved otherwise, it was believed the proximity effect for stranded conductors would be 

zero [80] [81].  The rational for having no proximity effect in stranded conductors was due 

to the belief the longitudinal electrical conductivity was so much better than radial 

conductivity.  If so, the current would only follow the path of the each strand and not move 

between strands.  Therefore, there would be a zero net induced voltage on each strand since 

the strands were helically wound around the central point of the conductor [28].  If the 

strands were perfectly insulated this would be true, since each strand would alternate 

position around the center of the conductor and therefore the net induced voltage would be 

zero.  However, experimental results indicate radial strand conductivity is around 45-80% 

longitudinal conductivity, depending on factors such as compression and core 

impregnation [28].  When a conducting current flows through a conductor it generates a 

magnetic field, as shown by Maxwell’s 4th equation (Ampère’s law).  By Maxwell’s 3rd 

equation (Faraday’s law), this time-varying magnetic field generated by the conducting 

current induces an electric field.  The electric field results in an eddy current flowing in the 

direction of the conducting current towards the outside of the conductor and in the opposite 

direction in the inside, as shown in FIGURE 2-6: 
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FIGURE 2-6: Skin effect 

In a good conductor electron density is approximately uniform.  The non-uniform 

distribution of current density is truly due to non-uniform charge carrier velocity as 

opposed to charge carrier density [24]. 

The derivation of skin effect begins by taking the curl of both sides of Maxwell’s 

3rd equation for time harmonic fields: 

𝛻𝛻𝑥𝑥(𝛻𝛻𝑥𝑥𝑬𝑬) = −𝑗𝑗𝑗𝑗(𝛻𝛻𝑥𝑥𝑩𝑩) (40) 

Next, making use of the following vector calculus identity: 

𝛻𝛻𝑥𝑥(𝛻𝛻𝑥𝑥𝑬𝑬) = 𝛻𝛻(𝛻𝛻 ∙ 𝑬𝑬) − 𝛻𝛻2𝑬𝑬 (41) 

Equation (40) is rearranged as follows: 

𝛻𝛻(𝛻𝛻 ∙ 𝑬𝑬) − 𝛻𝛻2𝑬𝑬 = −𝑗𝑗𝑗𝑗(𝛻𝛻𝑥𝑥𝑩𝑩) (42) 

Maxwell’s 4th equation can be rearranged to be written in terms of B and E using the 

constitutive equations as: 

𝛻𝛻𝑥𝑥𝑯𝑯 = 𝑱𝑱𝑒𝑒 + 𝑗𝑗𝑗𝑗𝑫𝑫 → 𝛻𝛻𝑥𝑥 �
𝑩𝑩
𝜇𝜇�

= 𝜎𝜎𝑬𝑬 + 𝑗𝑗𝑗𝑗(𝜀𝜀𝑬𝑬) (43) 
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𝛻𝛻𝑥𝑥𝑩𝑩 = 𝜇𝜇𝜎𝜎𝑬𝑬 + 𝑗𝑗𝑗𝑗𝜇𝜇𝜀𝜀𝑬𝑬 (44) 

Substituting this into equation (42) and rearranging yields: 

𝛻𝛻(𝛻𝛻 ∙ 𝑬𝑬) − 𝛻𝛻2𝑬𝑬 = −𝑗𝑗𝑗𝑗(𝜇𝜇𝜎𝜎𝑬𝑬 + 𝑗𝑗𝑗𝑗𝜇𝜇𝜀𝜀𝑬𝑬) (45) 

𝛻𝛻2𝑬𝑬 − 𝛻𝛻(𝛻𝛻 ∙ 𝑬𝑬) = 𝑗𝑗𝑗𝑗𝜇𝜇𝜎𝜎𝑬𝑬 + (𝑗𝑗𝑗𝑗)2𝜇𝜇𝜀𝜀𝑬𝑬 (46) 

Rearranging Maxwell’s first equation in terms of E using the constitutive equations yields: 

𝛻𝛻 ∙ 𝑫𝑫 = 𝜌𝜌 → 𝛻𝛻 ∙ (𝜀𝜀𝑬𝑬) = 𝜌𝜌 → 𝛻𝛻 ∙ 𝑬𝑬 =
𝜌𝜌
𝜀𝜀

 (47) 

It is assumed there is no gradient of charge density and material permittivity, since radially 

the conductor is at uniform voltage potential.  Therefore, part of equation (46) can be 

eliminated: 

𝛻𝛻(𝛻𝛻 ∙ 𝑬𝑬) = 𝛻𝛻 �
𝜌𝜌
𝜀𝜀
� ≈ 0 (48) 

It can also be assumed that ωσ >> ω2ԑ.  This assumption is valid since this medium is a 

good conductor over a large range of frequencies.  For example, ωσ for copper at power 

frequencies is 16 orders of magnitude larger than ω2ԑ, and at 1 GHz ωσ is still 9 orders of 

magnitude larger than ω2ԑ.  Therefore: 

𝑗𝑗𝑗𝑗𝜇𝜇𝜎𝜎𝑬𝑬 ≫ (𝑗𝑗𝑗𝑗)2𝜇𝜇𝜀𝜀𝑬𝑬 (49) 

Using equations (48) and (49) into conjunction with equation (46) yields: 

𝛻𝛻2𝑬𝑬 = 𝑗𝑗𝑗𝑗𝜇𝜇𝜎𝜎𝑬𝑬 (50) 

In cylindrical coordinates (r, φ, z) this equation is simplified, due to the circular symmetry 

of the conductor.  Therefore, variations in the r and φ directions are zero and hence all 

derivatives with respect to these variables are also zero.  Additionally, the electric field is 



 33 

negligible in the r and φ directions in comparison to the z direction since the conductor is 

assumed to be of infinite length.  With that, Er and Eφ are also zero 

The vector field of E can be written in terms of unit vectors in cylindrical 

coordinates as: 

𝑬𝑬 = 𝐸𝐸𝑟𝑟𝒓𝒓� + 𝐸𝐸𝜑𝜑𝝋𝝋� + 𝐸𝐸𝑧𝑧𝒛𝒛� (51) 

Since there is no variation in the r and φ direction: 

𝑬𝑬 = 𝐸𝐸𝑧𝑧𝒛𝒛� (52) 

The vector Laplacian of E in cylindrical coordinates is: 

𝛻𝛻2𝑬𝑬 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 𝜕𝜕

2𝐸𝐸𝑟𝑟
𝜕𝜕𝑟𝑟2

+
1
𝑟𝑟2
𝜕𝜕2𝐸𝐸𝑟𝑟
𝜕𝜕𝜑𝜑2

+
𝜕𝜕2𝐸𝐸𝑟𝑟
𝜕𝜕𝑧𝑧2

+
1
𝑟𝑟
𝜕𝜕𝐸𝐸𝑟𝑟
𝜕𝜕𝑟𝑟

−
2
𝑟𝑟2
𝜕𝜕𝐸𝐸𝜑𝜑
𝜕𝜕𝜑𝜑

−
𝐸𝐸𝑟𝑟
𝑟𝑟2

𝜕𝜕2𝐸𝐸𝜑𝜑
𝜕𝜕𝜑𝜑2

+
1
𝑟𝑟2
𝜕𝜕2𝐸𝐸𝜑𝜑
𝜕𝜕𝜑𝜑2

+
𝜕𝜕2𝐸𝐸𝜑𝜑
𝜕𝜕𝑧𝑧2

+
1
𝑟𝑟
𝜕𝜕𝐸𝐸𝜑𝜑
𝜕𝜕𝑟𝑟

+
2
𝑟𝑟2
𝜕𝜕𝐸𝐸𝑟𝑟
𝜕𝜕𝜑𝜑

−
𝐸𝐸𝜑𝜑
𝑟𝑟2

𝜕𝜕2𝐸𝐸𝑧𝑧
𝜕𝜕𝑟𝑟2

+
1
𝑟𝑟2
𝜕𝜕2𝐸𝐸𝑧𝑧
𝜕𝜕𝜑𝜑2

+
𝜕𝜕2𝐸𝐸𝑧𝑧
𝜕𝜕𝑧𝑧2

+
1
𝑟𝑟
𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝑟𝑟 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 (53) 

Because there is no variation in the r and φ direction: 

𝛻𝛻2𝑬𝑬 =
𝑑𝑑2𝐸𝐸𝑧𝑧
𝑑𝑑𝑟𝑟2

+
1
𝑟𝑟
𝑑𝑑𝐸𝐸𝑧𝑧
𝑑𝑑𝑟𝑟

 (54) 

Therefore, the equation (50) in cylindrical coordinates using equations (52) and (54) 

becomes: 

𝑑𝑑2𝐸𝐸𝑧𝑧
𝑑𝑑𝑟𝑟2

+
1
𝑟𝑟
𝑑𝑑𝐸𝐸𝑧𝑧
𝑑𝑑𝑟𝑟

= 𝑗𝑗𝑗𝑗𝜇𝜇𝜎𝜎𝐸𝐸𝑧𝑧 (55) 

Using the constitutive equation for J to write the equation in terms of current 

density yields (0 ≤ r < r2): 
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𝑑𝑑2𝐽𝐽𝑟𝑟
𝑑𝑑𝑟𝑟2

+
1
𝑟𝑟
𝑑𝑑𝐽𝐽𝑟𝑟
𝑑𝑑𝑟𝑟

= 𝑉𝑉2𝐽𝐽𝑟𝑟 (56) 

Where: 

𝑉𝑉 = �𝑗𝑗𝑗𝑗𝜇𝜇𝜎𝜎 (57) 

Note that the input argument is a complex value, as is current density.  The real part of the 

current density represents the resistance, whereas the imaginary part represents the internal 

inductance [16].  Current generates a magnetic field inside and outside the conductor.  The 

internal inductance is the portion of the magnetic energy stored inside the conductor.  For 

simplicity, the subscript 2 is used for the outer radius, since an inner medium is introduced 

later with subscript 1.  At the outer boundary r2, the current density is technically zero [82].  

However, for notational simplicity: 

𝐽𝐽𝑟𝑟2 = 𝐼𝐼𝐿𝐿𝑉𝑉
𝑟𝑟→𝑟𝑟2

𝐽𝐽𝑟𝑟 (58) 

Note that skin depth δ is derived as: 

𝑉𝑉 = �𝑗𝑗𝑗𝑗𝜇𝜇𝜎𝜎 = (1 + 𝑗𝑗)�
𝑗𝑗𝜇𝜇𝜎𝜎

2
= (1 + 𝑗𝑗)

1
𝛿𝛿

 (59) 

Skin depth is the depth at which a magnetic field can penetrate the conductor, and 

therefore the point current density is equal for time-varying current in the total conductor 

and time-invariant current at this depth [8].  Skin depth decreases rapidly as frequency 

increases, as shown here for copper and aluminum in FIGURE 2-7: 
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FIGURE 2-7: Skin depth vs frequency 

The current penetration into the conductor varies with the square root of the current 

frequency [83].  The solutions for current density are the well-known Bessel functions, 

which are the solutions to second-order partial differential equation: 

𝐽𝐽𝑟𝑟 = 𝐴𝐴1𝐽𝐽0(𝑉𝑉𝑟𝑟) + 𝐴𝐴2𝑌𝑌0(𝑉𝑉𝑟𝑟) (60) 

The current density behavior is driven by the changing electromagnetic (EM) fields inside 

the conductor and appears like an incident EM wave originating from the conductor surface 

and radially propagating inward. The real part of the current density attenuates 

exponentially, as depicted in FIGURE 2-8: 
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FIGURE 2-8: EM wave in single medium 

The constants A1 and A2 are arbitrary constants and J0 and Y0 represent two independent 

solutions.  Note that: 

lim
𝑟𝑟→0

𝑌𝑌0 = ∞ (61) 

The current density at the center of a solid round conductor (i.e. r = 0) cannot be 

infinite.  Therefore, this is a physically impossible solution and the constant A2 must be 

zero.  Thus the current density is: 

𝐽𝐽𝑟𝑟 = 𝐴𝐴1𝐽𝐽0(𝑉𝑉𝑟𝑟) (62) 

The constant A1 can be determined at the surface boundary as: 

𝐽𝐽𝑟𝑟2 = 𝐴𝐴1𝐽𝐽0(𝑉𝑉𝑟𝑟2) → 𝐴𝐴1 =
𝐽𝐽𝑟𝑟2

𝐽𝐽0(𝑉𝑉𝑟𝑟2) (63) 

Substituting equation (63) into equation (62) results in the final current density equation: 

𝐽𝐽𝑟𝑟 =
𝐽𝐽𝑟𝑟2

𝐽𝐽0(𝑉𝑉𝑟𝑟2) 𝐽𝐽0
(𝑉𝑉𝑟𝑟) (64) 

The AC current can be obtained with the surface integral of the current density, which 

reduces to a shell integral: 
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𝐼𝐼𝑎𝑎𝑒𝑒 = �𝐽𝐽𝑟𝑟
𝑆𝑆

∙ 𝑑𝑑𝑆𝑆 = 2𝜋𝜋� 𝑟𝑟𝐽𝐽𝑟𝑟 ∙ 𝑑𝑑𝑟𝑟
𝑟𝑟2

0
 (65) 

Substituting equation (64) into equation (65) yields: 

𝐼𝐼𝑎𝑎𝑒𝑒 = 2𝜋𝜋� 𝑟𝑟 �
𝐽𝐽𝑟𝑟2

𝐽𝐽0(𝑉𝑉𝑟𝑟2) 𝐽𝐽0
(𝑉𝑉𝑟𝑟)� ∙ 𝑑𝑑𝑟𝑟

𝑟𝑟2

0
=

2𝜋𝜋𝐽𝐽𝑟𝑟2
𝐽𝐽0(𝑉𝑉𝑟𝑟2)� 𝑟𝑟𝐽𝐽0(𝑉𝑉𝑟𝑟) ∙ 𝑑𝑑𝑟𝑟

𝑟𝑟2

0
 (66) 

Using the following Bessel function identity: 

� 𝑟𝑟𝐽𝐽0(𝑉𝑉𝑟𝑟)𝑑𝑑𝑟𝑟
𝑟𝑟2

0
=
𝑟𝑟2
𝑉𝑉
𝐽𝐽1(𝑉𝑉𝑟𝑟2) (67) 

Reduces equation (66) to: 

𝐼𝐼𝑎𝑎𝑒𝑒 =
2𝜋𝜋𝐽𝐽𝑟𝑟2
𝐽𝐽0(𝑉𝑉𝑟𝑟2)

𝑟𝑟2
𝑉𝑉
𝐽𝐽1(𝑉𝑉𝑟𝑟2) =

2𝜋𝜋𝐽𝐽𝑟𝑟2𝑟𝑟2
𝑉𝑉

𝐽𝐽1(𝑉𝑉𝑟𝑟2)
𝐽𝐽0(𝑉𝑉𝑟𝑟2) (68) 

The AC current can now be used to express the AC impedance using Ohm’s law: 

𝑍𝑍𝑎𝑎𝑒𝑒 =
𝐸𝐸𝑟𝑟2
𝐼𝐼𝑎𝑎𝑒𝑒

=
𝐽𝐽𝑟𝑟2 𝜎𝜎�
𝐼𝐼𝑎𝑎𝑒𝑒

=
𝑉𝑉

2𝜋𝜋𝑟𝑟2𝜎𝜎
∙
𝐽𝐽0(𝑉𝑉𝑟𝑟2)
𝐽𝐽1(𝑉𝑉𝑟𝑟2) (69) 

Note that the electric field Er2 is the r-component of the cylindrical coordinates of electric 

field, but the field potential is in the z-direction (i.e. voltage drop down the length of the 

conductor).  The AC resistance and reactance are the real and imaginary parts, respectively: 

𝑅𝑅𝑎𝑎𝑒𝑒 = 𝑅𝑅𝐿𝐿 �
𝑉𝑉

2𝜋𝜋𝑟𝑟2𝜎𝜎
∙
𝐽𝐽0(𝑉𝑉𝑟𝑟2)
𝐽𝐽1(𝑉𝑉𝑟𝑟2)� (70) 

𝑋𝑋𝑎𝑎𝑒𝑒 = 𝐼𝐼𝑉𝑉 �
𝑉𝑉

2𝜋𝜋𝑟𝑟2𝜎𝜎
∙
𝐽𝐽0(𝑉𝑉𝑟𝑟2)
𝐽𝐽1(𝑉𝑉𝑟𝑟2)� (71) 

Inductance can be calculated from the reactance as normally done in circuit theory as: 

𝐿𝐿𝑎𝑎𝑒𝑒 =
𝑋𝑋𝑎𝑎𝑒𝑒
𝑗𝑗

=
1
𝑗𝑗
𝐼𝐼𝑉𝑉�

𝑉𝑉
2𝜋𝜋𝑟𝑟2𝜎𝜎

∙
𝐽𝐽0(𝑉𝑉𝑟𝑟2)
𝐽𝐽1(𝑉𝑉𝑟𝑟2)� (72) 
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The DC resistance for this conductor is: 

𝑅𝑅𝑑𝑑𝑒𝑒 =
𝜌𝜌𝐼𝐼
𝐴𝐴

=
1

𝜎𝜎𝜋𝜋𝑟𝑟22
 (73) 

And thus, the skin effect is: 

𝑅𝑅𝑎𝑎𝑒𝑒
𝑅𝑅𝑑𝑑𝑒𝑒

= 𝑅𝑅𝐿𝐿 �
𝑉𝑉𝑟𝑟2

2
𝐽𝐽0(𝑉𝑉𝑟𝑟2)
𝐽𝐽1(𝑉𝑉𝑟𝑟2)� (74) 

This can also be written in separated real and imaginary parts as [1] [84] [85]: 

𝑅𝑅𝑎𝑎𝑒𝑒
𝑅𝑅𝑑𝑑𝑒𝑒

=
𝑉𝑉′𝑟𝑟2

2 �
𝑏𝑏𝐿𝐿𝑟𝑟0(𝑉𝑉′𝑟𝑟2)𝑏𝑏𝐿𝐿𝐿𝐿0′ (𝑉𝑉′𝑟𝑟2) − 𝑏𝑏𝐿𝐿𝐿𝐿0(𝑉𝑉′𝑟𝑟2)𝑏𝑏𝐿𝐿𝑟𝑟0′(𝑉𝑉′𝑟𝑟2)

�𝑏𝑏𝐿𝐿𝐿𝐿0′ (𝑉𝑉′𝑟𝑟2)�2 + �𝑏𝑏𝐿𝐿𝐿𝐿0′ (𝑉𝑉′𝑟𝑟2)�2
� (75) 

Where: 

𝑉𝑉′ = 𝑅𝑅𝐿𝐿(𝑉𝑉) (76) 

The internal DC inductance of a round conductor is [86] [87]: 

𝐿𝐿𝑑𝑑𝑒𝑒 =
𝜇𝜇

2𝜋𝜋
𝐼𝐼𝐿𝐿 �

𝑟𝑟2
𝐺𝐺𝐺𝐺𝑅𝑅

� (77) 

Note that the geometric mean radius (GMR) of a solid round conductor is [85] [88]: 

𝐺𝐺𝐺𝐺𝑅𝑅 = 𝑟𝑟2𝐿𝐿−
1
4�  (78) 

Thus, the DC inductance of a solid round conductor is: 

𝐿𝐿𝑑𝑑𝑒𝑒 =
𝜇𝜇

8𝜋𝜋
 (79) 

And thus, the AC/DC inductance ratio written in separated real and imaginary parts is [89] 

[39] [90]: 

𝐿𝐿𝑎𝑎𝑒𝑒
𝐿𝐿𝑑𝑑𝑒𝑒

=
4

𝑉𝑉′𝑟𝑟2
�
𝑏𝑏𝐿𝐿𝑟𝑟0(𝑉𝑉′𝑟𝑟2)𝑏𝑏𝐿𝐿𝑟𝑟0′(𝑉𝑉′𝑟𝑟2) + 𝑏𝑏𝐿𝐿𝐿𝐿0(𝑉𝑉′𝑟𝑟2)𝑏𝑏𝐿𝐿𝐿𝐿0′ (𝑉𝑉′𝑟𝑟2)

�𝑏𝑏𝐿𝐿𝑟𝑟0′(𝑉𝑉′𝑟𝑟2)�2 + �𝑏𝑏𝐿𝐿𝐿𝐿0′ (𝑉𝑉′𝑟𝑟2)�2
� (80) 
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The derivation for a tubular conductor is similar, but will not be repeated here.  The results 

for current density and AC resistance from the full derivation [2] are: 

𝐽𝐽𝑟𝑟 = 𝐽𝐽𝑟𝑟2 �
𝐽𝐽0(𝑉𝑉𝑟𝑟)𝑌𝑌0′(𝑉𝑉𝑟𝑟1) − 𝐽𝐽0′(𝑉𝑉𝑟𝑟1)𝑌𝑌0(𝑉𝑉𝑟𝑟)
𝐽𝐽0(𝑉𝑉𝑟𝑟2)𝑌𝑌0′(𝑉𝑉𝑟𝑟1) − 𝐽𝐽0′(𝑉𝑉𝑟𝑟1)𝑌𝑌0(𝑉𝑉𝑟𝑟2)� (81) 

𝑅𝑅𝑎𝑎𝑒𝑒
𝑅𝑅𝑑𝑑𝑒𝑒

= 𝑅𝑅𝐿𝐿 ��
𝑗𝑗𝑉𝑉𝑟𝑟2(𝑟𝑟22 − 𝑟𝑟12)

2𝑟𝑟22
� 𝑥𝑥 �

𝑏𝑏𝐿𝐿𝑟𝑟0(𝑉𝑉′𝑟𝑟2) + 𝑗𝑗𝑏𝑏𝐿𝐿𝐿𝐿0(𝑉𝑉′𝑟𝑟2) − 𝐶𝐶(𝑘𝑘𝐿𝐿𝑟𝑟0(𝑉𝑉′𝑟𝑟2) + 𝑗𝑗𝑘𝑘𝐿𝐿𝐿𝐿0(𝑉𝑉′𝑟𝑟2))
𝑏𝑏𝐿𝐿𝑟𝑟0′(𝑉𝑉′𝑟𝑟2) + 𝑗𝑗𝑏𝑏𝐿𝐿𝐿𝐿0′ (𝑉𝑉′𝑟𝑟2) − 𝐶𝐶(𝑘𝑘𝐿𝐿𝑟𝑟0′(𝑉𝑉′𝑟𝑟2) + 𝑗𝑗𝑘𝑘𝐿𝐿𝐿𝐿0′ (𝑉𝑉′𝑟𝑟2))

�� (82) 

Where: 

𝐶𝐶 =
𝑏𝑏𝐿𝐿𝑟𝑟0′(𝑉𝑉′𝑟𝑟1) + 𝑗𝑗𝑏𝑏𝐿𝐿𝐿𝐿0′ (𝑉𝑉′𝑟𝑟1)
𝑘𝑘𝐿𝐿𝑟𝑟0′(𝑉𝑉′𝑟𝑟1) + 𝑗𝑗𝑘𝑘𝐿𝐿𝐿𝐿0′ (𝑉𝑉′𝑟𝑟1) (83) 

Formulas exist for the DC current densities and resistance of some asymmetric 

shapes, such as rectangular, triangular, and elliptical conductors.  However, analytical 

solutions do not exist for the skin effect of any of these shapes.  Rectangular conductors 

suffer from the edge effect, rather than the skin effect.  It is the same phenomena, only the 

current density concentrates more towards the edges of the conductor rather than uniformly 

around the shell as in a cylindrical conductor.  Researchers have worked on formulating 

mathematical theory for skin effect in rectangular conductors, but the solution remains 

elusive due to the asymmetry [11].  Elliptical conductors have an approximation of skin 

effect shown to be accurate within 1% of error [91]. 

2.7 Industry Practices 

Conductor sizes are commercially defined in terms of their cross-sectional area, so 

conductors made with the same type of metal will have the same DC resistance regardless 

of the type of design.  Metals with higher conductivity (e.g. copper vs aluminum) have 

lower DC resistances but higher AC/DC resistance ratios for equivalent cross-sectional 

areas and type of design.  Generally, the overall AC resistance is still lower for the higher 
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conductivity metals, which therefore dominate usage for high capacity applications.  

TABLE 2-5 provides a comparison of copper and aluminum, with values relative to copper: 

TABLE 2-5: Comparison of copper and aluminum 

Attribute Copper Aluminum 
Cost 100% 33% 

Weight 100% 30% 
Conductivity 100% 61% 

Pulling Strength 100% 75% 
Diameter (for Equal Rdc) 100% 128% 

Corrosion Less More 

Current industry practice for calculating the AC resistance of a power conductor is 

to first calculate the DC resistance at the desired operating temperature and then multiply 

it with factors representative of the increased percentage of resistance due to the skin and 

proximity effects.  Calculation of AC resistance is complex, so simplified polynomial 

equations not requiring Bessel functions and complex numbers have been derived to 

approximate the true results [38].  To understand the origin of the simplified equations used 

in the industry it is important to understand the true analytical solution. 

It is important to recognize that the commercially defined nominal cross-sectional 

areas do not exactly match the cross-sectional areas calculated with each conductor size’s 

corresponding DC resistance.  The reason for this is that historically, the design standards 

governing DC resistance had to cover many different design types.  These included not 

only solid and stranded conductors, but also single conductor and three conductor core 

configurations.  Any time helical geometry is introduced, as in stranded conductors and 

three core configurations, the shape of the strands becomes elliptical and the relative length 

per unit distance is increased.  This results in an increased resistance, as well.  

Manufacturing practices cannot be standardized, so instead DC resistances are 
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standardized.  Throughout this dissertation when referring to nominal cross-sectional area, 

“nominal” will specifically be written.  Otherwise, it should be assumed that the true cross-

sectional area is being referred to.  The true cross-sectional areas of copper and aluminum 

do not match exactly when calculated based on their standardized DC resistances.  This is 

mostly due the standardized DC resistances covering multiple conductor design 

configurations, but also partly due to rounding error since the DC resistances are set to a 

fixed precision of decimal points.  A comparison of nominal conductor areas and actual 

areas calculated per the standardized DC resistances [92] is in TABLE 2-6: 

TABLE 2-6: Nominal vs actual conductor areas 

Area 
Difference 

Area 
Difference 

Nominal True Nominal True 
mm2 % mm2 % 

Aluminum Copper 
35 32.6 -7.0% 35 32.9 -6.0% 
50 44.1 -11.8% 50 44.6 -10.9% 
70 63.8 -8.9% 70 64.3 -8.1% 
95 88.3 -7.0% 95 89.3 -6.0% 
120 111.7 -6.9% 120 112.7 -6.1% 
150 137.2 -8.5% 150 139.0 -7.3% 
185 172.3 -6.8% 185 174.0 -6.0% 
240 226.1 -5.8% 240 228.7 -4.7% 
300 282.6 -5.8% 300 286.9 -4.4% 
400 363.3 -9.2% 400 366.8 -8.3% 
500 467.2 -6.6% 500 471.1 -5.8% 
630 602.6 -4.3% 630 609.2 -3.3% 
800 770.1 -3.7% 800 780.1 -2.5% 
1000 971.3 -2.9% 1000 979.6 -2.0% 
1200 1144.3 -4.6% 1200 1141.8 -4.9% 
1400 1333.2 -4.8% 1400 1336.5 -4.5% 
1600 1519.6 -5.0% 1600 1525.8 -4.6% 
2000 1896.9 -5.2% 2000 1915.7 -4.2% 
2500 2375.1 -5.0% 2500 2394.6 -4.2% 
3000 2852.1 -4.9% 3000 2873.5 -4.2% 
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In simplified industry practices, three equations are used for calculating AC 

resistance [15] that introduce an experimentally derived skin effect coefficient ks.  This 

coefficient adds flexibility to the equations, as it is changed depending on the material and 

type of conductor.  The same input argument used in the analytical solution of the Bessel 

functions is also used for the simplified polynomial equations, with the removal of the 

imaginary component and the addition of ks.  The recommended empirical factors in 

industry standards for ks and kp are shown in TABLE 2-7 [15]: 

TABLE 2-7: IEC 60287-1-1 ks and kp factors 

Type of Conductor Insulation System ks kp 
Copper 

Round, solid All 1 1 
Round, stranded Fluid/paper/PPL 1 0.8 
Round, stranded Extruded/Mineral 1 1 
Round, Milliken Fluid/paper/PPL 0.435 0.37 
Round, Milliken, insulated wires Extruded 0.35 0.2 
Round, Milliken, bare uni-directional wires Extruded 0.62 0.37 
Round, Milliken, bare bi-directional wires Extruded 0.8 0.37 
Hollow, helical stranded All * 0.8 
Sector-shaped Fluid/paper/PPL 1 0.8 
Sector-shaped Extruded/Mineral 1 1 

Aluminum 
Round, solid All 1 1 
Round, stranded All 1 0.8 
Round, Milliken All 0.25 0.15 
Hollow, helical stranded All * 0.8 

* See equation (84)       

Note that a ks of 1 represents no change to the approximated solution of the true 

analytical solution derived with Bessel functions.  Hollow conductors have a special 

formula to calculate ks, which is: 
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 (84) 

The Bessel function input argument is also written in terms of a standardized DC resistance 

[92], as opposed to conductivity and radius: 

 𝑥𝑥𝑠𝑠 = �
𝑗𝑗𝜇𝜇
𝜋𝜋𝑅𝑅𝑑𝑑𝑒𝑒

𝑘𝑘𝑠𝑠 (85) 

Using this input argument the skin effect factor is calculated with one of three different 

formulas, depending on the value of xs. 

For 0 < xs ≤ 2.8: 

𝑦𝑦𝑠𝑠 =
𝑥𝑥𝑠𝑠4

192 + 0.8𝑥𝑥𝑠𝑠4
 (86) 

For 2.8 < xs ≤ 3.8: 

𝑦𝑦𝑠𝑠 = −0.136 − 0.0177𝑥𝑥𝑠𝑠 + 0.0563𝑥𝑥𝑠𝑠2 (87) 

For xs > 3.8: 

𝑦𝑦𝑠𝑠 = 0.354𝑥𝑥𝑠𝑠 − 0.733 (88) 

These equations have a maximum error of less than 0.6% [70], which is considered 

negligible.  Calculation of the proximity effect also uses empirically-derived equations 

created based on measurements.  Equations have been developed for two conductors 

carrying single-phase current [38] and three conductors carrying three-phase current [93].  

The process to calculate the proximity effect factor is the same as done to calculate the skin 

effect factor, just using different equations.  First is to calculate the proximity effect Bessel 

function input argument: 
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𝑥𝑥𝑝𝑝 = �
8𝜋𝜋𝑆𝑆
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10−7𝑘𝑘𝑝𝑝 (89) 

Then for two conductors carrying single-phase current: 

𝑦𝑦𝑝𝑝 =
𝑥𝑥𝑝𝑝4

192 + 0.8𝑥𝑥𝑝𝑝4
�
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2
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Or three conductors carrying three-phase current: 

(90) 
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𝑥𝑥𝑝𝑝4
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 (91) 

The proximity effect is relatively small compared to the skin effect at power 

frequencies, as it decreases exponentially with separation of conductors and is considered 

negligible when axial spacing exceeds about five times the conductor diameter [31].  The 

proximity effect is independent of the skin effect, and thus beyond the scope of this 

dissertation and will not be discussed further.  The skin and proximity effect factors are 

finally used to calculate the AC resistance of an extruded dielectric cable conductor: 

𝑅𝑅𝑎𝑎𝑒𝑒 = 𝑅𝑅𝑑𝑑𝑒𝑒�1 + 𝑦𝑦𝑠𝑠 + 𝑦𝑦𝑝𝑝� (92) 

It can be observed that ys and yp are equivalent to a percentage of increase in AC 

resistance from DC resistance caused by the skin and proximity effects, respectively.  The 

DC resistance given here is the DC resistance at operating temperature.  Since the DC 

resistances are defined at 20°C [92], there is also a formula to convert the table value to the 

correct operating temperature [15].  This is: 

𝑅𝑅𝑑𝑑𝑒𝑒 = 𝑅𝑅0[1 + 𝛼𝛼20(𝜃𝜃 − 20)] (93) 
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The temperature coefficient is assumed to be a constant value that is specified by 

standards [15].  This allows for the DC resistance at the operating temperature of the 

conductor to be calculated using a linear equation.  It should be noted, however, that the 

temperature coefficient is truly a non-linear value.  In the temperature range used here for 

power conductors, using a constant temperature coefficient and a linear equation for DC 

resistance at operating temperature is extremely accurate.  For ACSR conductors the 

temperature coefficient is commonly calculated based on the aluminum alone, neglecting 

the effects of steel.  Taking the steel into account would result in an error of at most 0.05% 

[94].  In general, on any two metals as similar as copper and aluminum the error would be 

negligible even if the temperature coefficient were based on only one metal.  However, for 

complete accuracy when bi-media conductors are used each DC resistance is individually 

calculated with its linearized temperature coefficient.   

Small conductors are generally composed of one solid wire.  Large conductors are 

composed of several smaller wires helically twisted together.  Segmented conductors, 

composed of multiple pie-shaped segments of stranded conductors, are used for very large 

conductors.  Conceptually, segmented conductors aim to reduce inter-wire conduction as 

much as possible [70].  While this reduces the skin effect, it introduces eddy-currents 

arising from the proximity effect between the insulated segments.  The segmented 

conductors, unlike stranded conductors, have the individual wires rotating from the inside 

to outside of the conductor.  This causes a partial cancellation of the emf, and thus reduces 

skin effect as well [75].  Generally, there are 4-6 such segments in addition to an inner solid 

or stranded core, although designs with nine segments have been made [95].  The switch 

from solid to stranded conductors depends on the application, and for power transmission 
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and distribution the largest typical solid conductor outer diameters (ODs) are in the 10-15 

mm range.  Stranded conductors are then usually used up to an outer diameter in the 35-40 

mm range.  For conductor diameters exceeding this range, it is common to use segmented 

conductors.   These give additional benefits in reducing the AC/DC resistance ratios, and 

are then used on conductors with outer diameters up to 70 mm.  The switch from stranded 

to segmented can be seen in terms of diameter and area in FIGURE 2-9: 

 

FIGURE 2-9: Conductor type by diameter and area 

Whereas the AC/DC resistance ratios for solid and stranded conductors are very 

accurate and reproducible, segmented conductors have much variability.  This is due to 

many factors, including a lack of explicit solutions for such designs, variability in the 

number of segments, variability in impregnation of the core, variability in compression of 

the insulation affecting contact resistance, and different types of barrier tapes used (if at 

all).  To address this variability Cigré working group B1.03 performed analysis of such 

designs and recommended the revised skin effect factors for segmented copper conductors 

and segmented aluminum conductors shown on TABLE 2-7 [70].  Segmented conductor 

designs and manufacturing techniques vary between manufactures, and therefore the AC 
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resistance of a standardized size segmented conductor will also vary.  To address this, Cigré 

working group B1.03 further recommended that AC resistance be measured during 

qualification testing.  Cigré working group D1.54 is currently working on developing a 

guide for measurement of AC resistance [96].  Current design standards [15] were recently 

updated in 2014 taking these recommendations into account.  The ks factor can cause quite 

a large difference in the AC/DC resistance ratio, shown here calculated per industry 

standards at 90°C and 60Hz in FIGURE 2-10: 

 

FIGURE 2-10: AC/DC resistance ratios 

An additional conductor design technique for reducing AC/DC resistance ratios 

involves insulating the wires (shown on the chart using ks = 0.35).  Although effective, the 

effectiveness, like for segmented conductors, depends on variables that inherently cannot 

be controlled and thus such designs suffer from the same issues of inconsistency.  
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Additionally, such designs introduce new application problems during jointing and 

terminating cables. 

The background knowledge has now been established for the mathematical theory 

in calculating skin effect of a single medium conductor.  It has also been shown how the 

industry addresses the complexity in implementing the mathematical theory as well as the 

design techniques used to mitigate the increased skin effect on large power conductors.  

The next chapter will now discuss the motivation in using bi-media conductors in the power 

industry.  This includes the hypothesis for the formulation of the mathematical theory in 

addition to an explanation of the value bi-media designs present to the industry.    

 



 
 
 
 
 
 

CHAPTER 3:  PROBLEM STATEMENT 
 
 

3.1 Overview 

This chapter covers the framework of what is needed to be done in order for this 

research to introduce optimized bi-media conductor designs to the power industry.  It 

discusses in detail the thought process behind the proposed work and how the current 

industry practices and design techniques could be improved upon.  In the identification of 

research gaps, the chapter also addresses pertinent research questions and hypotheses to 

which this thesis is expected to be a valuable contribution.  Also discussed is what 

modeling assumptions were made in the creation of this dissertation.  The mathematical 

complexity of the problem had to be handled very carefully, and a lot of quality control has 

been performed.  Multiple layers of programming functions were used in handling the 

Bessel equations.  To ensure accuracy along the way, outputs at each step were compared 

to known results in available published literature.  These comparisons are shown to 

demonstrate the conformity of the outputs of the code written to known solutions when 

possible, and FEA generated approximated solutions when analytical solutions did not 

exist. 

3.2 Research Questions and Hypothesis 

World energy consumption is increasing exponentially, and the demand for lower 

resistance conductors that can transmit more power is constantly increasing.  Low and 

accurate AC resistance is paramount to conductor ampacity.  As described previously, for 
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copper conductors the power industry generally switches from stranded designs to 

segmented designs on nominal cross-sectional areas greater than 1000 mm2 [12].  

However, segmented designs suffer from the problem of uncontrolled variability of AC 

resistance, due to variability in manufacturing and the fact that very little measurement 

information exists to confirm empirical factors being used to adjust known solid and 

stranded AC resistance to expected segmented AC resistance [70].  Besides the solid round 

conductor the only other design that is mathematically defined is the solid hollow tube 

conductor [2].  These designs can also be stranded, for which the error of the AC resistance 

approximation is negligible [32].   

Hollow conductors are not currently being used in place of segmented conductors.  

Additionally, there are no defined dimensions for hollow core conductors.  When hollow 

core conductors are used in the power industry it is for special application driven purposes, 

such as self-contained fluid-filled (SCFF) cable conductors [75].  Such design has the 

hollow core for a pressurized dielectric fluid.  Hollow core copper conductors have been 

used on transmission lines as long ago as the early 1930s by General Cable.  Designs known 

as the type HH were composed of interlocking “tongue and groove” sections of copper.  

The main purpose of these conductors was the reduction of weight coupled with the high 

conductivity of copper and the ability to pump gas or oil through the center [97].  While it 

was known these conductors obtained a lower skin effect (AC/DC resistance ratio) than 

solid core conductors, their development was application driven and the designs were not 

optimized such that the lowest AC resistance could be achieved.  Due to their lower 

capacity compared to large aluminum conductors, they quickly became obsolete. 
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Hollow core conductors are most often used at radio frequencies, for which the skin 

depth is very small.  The rule of thumb used in microwave engineering is that there should 

be at least five skin depths of low-loss conductor.  With five skin depths it can be 

guaranteed that over 99% of the current flows within the area of the low-loss medium.  At 

1 GHz, skin depth is approximately 2 μm; therefore, it is easier to over-engineer the amount 

of low-loss conductor and use 10 μm.  However, what about at power frequencies where 

the skin depth is 8.5 mm for copper and 10.9 mm for aluminum?  A 1000 mm2 conductor 

has an equivalent solid radius of 17.8 mm, which is only about 2 skin depths.  It can also 

be observed that 100% of the current must travel within this area.  The concept of skin 

depth pertains to a mathematical limit as the depth becomes infinite.  When examining a 

problem where the total size of the conductor is of the same order of magnitude as the skin 

depth, the solution is not as simple.  It can also be observed through the mathematical limit 

of skin effect that at an infinite depth the current density at one skin depth will be 1/e, or 

37%, of its surface value [8].  For a conductor that is of the same order of magnitude as the 

skin depth, the current density at one skin depth will be greater than 37% of its surface 

value.  Great care must be taken, as removal of part of the conductor causes a redistribution 

of the current density, such that 100% of the total current must still flow within the given 

cross-sectional area [36].  At a point, the center of a conductor could be removed with no 

noticeable impact on AC resistance, but such is not the case for large conductors at power 

frequencies.  Is there an optimal dimensional point that exists in the design of hollow core 

conductors in this application?  If so, is there a range that exists where a hollow core 

conductor is more cost effective than a segmented conductor of the same AC resistance?  

Assume two conductor designs of equal AC resistance were manufactured using the same 
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metal:  one hollow core conductor and one segmented conductor.  Ignoring the higher 

manufacturing costs to produce the segmented conductor, it would only be necessary that 

the cross-sectional area of the hollow core conductor were less than that of the segmented 

conductor in order for the material costs of the hollow core conductor to be less than those 

of the segmented conductor.  This would make the hollow core conductor the obvious 

choice in place of a segmented design. 

Bi-media conductors may also have an application window.  Hollow core 

conductors are a subset of bi-media conductors, whereas the inner medium is air [12].  But 

is there a medium aside from air that would be more ideal?  Steel cores are used in the 

middle of aluminum-conductor steel-reinforced (ACSR) designs, but such conductors get 

no benefits of lower AC resistance.  Steel is important in the application of ACSR, and it 

has a high tensile strength and allows for long spans of overhead (OH) lines.  Can another 

good conducting metal, such as aluminum, be used in place of air as a way to improve AC 

resistance?  Does adding another metal in the inside of a conductor causes partial 

redistribution of current density compared to a hollow conductor, resulting in a more 

favorable solution?  Current density starts at its largest value at the surface of a conductor 

and attenuates moving radially inward.  Because copper is more conductive than aluminum 

and current density is highest on the outside of the conductor, a reasonable assumption is 

that the ideal combination of a bi-media copper and aluminum conductor would be copper 

on the outside and aluminum on the inside.  This way the more conductive medium is in 

the same location of the highest current density.  Can a mathematical theory be developed, 

such that a closed-form solution is found to calculate the current density in a bi-media 

conductor?  If a theory is developed, how can it be verified?  Copperweld® currently makes 
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a bi-media conductor known as copper-clad aluminum [4].  As the name implies, it is a 

solid round aluminum conductor that is clad with a solid layer of copper.  The application 

purpose of this design is to get the low-cost benefits of aluminum and good corrosion 

resistance and electrical contact benefits of copper.  However the conductor design is 

currently rated as if it were all aluminum [98].  This is deemed acceptable since the largest 

cross-sectional area of this design is #1/0 AWG (53.5 mm2), which has a radius of 4.1 mm.  

This is less than half of the skin depth, and it is therefore unlikely such a small conductor 

at power frequencies could be optimized to improve AC resistance by adjusting 

dimensional characteristics.  It would be good to have some verification testing done on a 

large stranded conductor to show the theory is valid on a design of the application for which 

it was intended.  Could such a design be made?  Manufacturing and installation of stranded 

conductors of bi-media designs could prove challenging, as the hardness of each metal is 

different, which could affect drawing and compression.  Finally, after the designs were 

made, what additional application challenges might be faced?  Two media would have two 

different sets of properties, such as thermal expansion.  Could all the required connectors 

and accessories be found or devised to address any potential issues? 

If the mathematical theory can been conceived and validated through laboratory 

measurements, how can this information be made available to the public in a usable 

fashion?  Even the simplest case of a solid round conductor has a true solution that is very 

difficult and time consuming to calculate.  As is currently the normal industry practice, 

simplified equations that mimic the true solution are used by engineers working in the 

power industry [15].  These equations have the advantage of not requiring imaginary 

numbers and Bessel functions.  The simplified equations make it such that the AC 
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resistance at a given operating temperature and frequency can be calculated with the DC 

resistance, which is easily measured during routine factory production testing.  Therefore, 

a simplified polynomial equation must first be created for the optimal inner medium area 

given the total area.  This will fully define the optimal conductor design from the 

dimensional standpoint and DC resistance.  Following this, another polynomial equation 

needs to be developed such that the same Bessel function input argument current industry 

standards use to produce a skin effect factor can be used to define a skin effect factor for 

the bi-media conductors.  This way AC resistance can be easily calculated.  Alternatively, 

if it is possible to find an adjusted ks value instead of creating a new polynomial equation 

that would also be an acceptable solution.  However, this is unlikely since the current 

polynomial equations were designed to match solid/stranded conductors and the ks factors 

were selected to match a few measured available data points for segmented designs.  Most 

likely new polynomial equations are to be created.  Currently, industry standards use one 

of three equations for calculating the skin effect factor depending on the size of the Bessel 

function input argument.  These three equations will likely be different, as well.  This is to 

be examined also, and error between the polynomial approximations and the true analytical 

solution should be evaluated to ensure accuracy over the entire range of temperature and 

frequency.  This would give industry practitioners a simple way of designing a conductor 

of any cross-sectional area.  However, the industry currently uses standardized nominal 

cross-sectional areas to reduce the number of conductor designs and simplify procurement 

and installation practices.  Therefore, it would also be beneficial to have standardized bi-

media designs created with the same nominal cross-sectional areas [92] of existing 

standardized single medium designs. 
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The cost effectiveness of a bi-media conductor may not be obvious when 

comparing a bi-media design to a single medium design.  Single medium designs only have 

a single material price for the medium being used, and therefore material costs difference 

of single medium designs can be directly compared using only the cross-sectional area of 

the conductor.  In some, or possibly all cases, a larger cross-sectional area bi-media 

conductor may be required as compared to a segmented copper conductor with an 

equivalent AC resistance.  However, this doesn’t mean the bi-media conductor would be a 

less ideal choice.  The price (currently) and density of aluminum are about one-third that 

of copper.  That means that even a bi-media aluminum/copper conductor with a larger 

cross-section than a segmented copper conductor having the same AC resistance could still 

potentially be lighter and/or less expensive.  Of course, this introduces variables that 

change with time:  the price of copper and aluminum.  So how can this be presented such 

that it is independent of today’s prices of the media to be used?  For this it is assumed that 

there exists some ratio of cost between the two media at which point the material costs for 

both designs would be equal.  Note that this ratio would represent the point at which the 

material cost to manufacture both conductors providing equivalent current carrying 

capacity would be equal.  Therefore, by knowing the current ratio of cost of copper to 

aluminum one could quickly know if a certain bi-media design would be more cost 

effective at any point in time.  Moreover, the cost analysis is complicated by the fact that 

there is one special design of segmented copper conductors that has a different material 

cost than the others.  This is a segmented copper conductor where the individual copper 

wires are enameled.  The enamel helps to insulate the strands from each other, thus keeping 

current density higher in each wire individually.  The cost to enamel wires is very high, 
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currently today causing nearly a 30% increase on the cost of just the copper.  So how can 

the cost of this process be captured to compare to a bi-media conductor?  The solution for 

this is to define the cost of the enameling as a percent cost increase on the copper wire.  

Therefore, there will be a copper to aluminum cost ratio for each percent cost increase to 

enamel the copper wires.  Tables can be created for each ks value used in the design 

standards to show what the equivalent bi-media conductor design at a given operating 

temperature and frequency would be.  Additionally, the cost ratio required to make it a 

viable solution should be presented.  This data should also be summarized at each operating 

temperature and frequency showing whether the more cost effective solution is the 

segmented conductor or a bi-media conductor. 

3.3 Modeling Assumptions  

Modeling of the analytical solutions is done using the MathWorks, Inc. software 

MATLAB.  MATLAB is a discrete implementation of a continuous problem.  However, 

enough points is chosen to obtain accurate solutions.  Also, special control statements are 

used at extreme points that could cause error.  For example, zero is a valid point along the 

radius but must have special statements to avoid errors in coding that manifest themselves 

in the results.  MATLAB was also used to model approximate solutions that exist in the 

literature.  These polynomial equations (i.e. equations (86) to (88)) used in the industry are 

very accurate to the true Bessel function solutions, and therefore can be used as an accuracy 

check for the analytical results.   

It was mentioned previously that it is assumed the media used in the conductor for 

the derivation of skin effect in a solid round or solid hollow tube conductor are linear, 

isotropic, homogeneous, isothermal and non-ferrous.  These same assumptions are made 



 57 

for the media used in the bi-media design.  These five assumptions have the following 

implications: 

• the material is linear if the conductivity does not vary with the application of the 

electric field,   

• the material is isotropic if the conductivity does not vary with direction,   

• the material is homogeneous if conductivity is the same at all points,    

• the material is isothermal if it is the same temperature at all points, and 

• the material is non-ferrous if it does not contain appreciable amounts of iron. 

Since material conductivity is dependent on temperature, assuming isothermal 

conductors eliminates any non-uniformity in conductivity throughout the conductor.  As 

previously mentioned, it is possible on bare overhead conductors that there can be a 

temperature gradient.  When conductors have a steel (i.e. ferrous) core, such as ACSR 

designs, the permeability also changes as a function of temperature and must be accounted 

for [99].  ACSR conductors have magnetic core losses in the steel resulting from both eddy 

current losses and hysteresis losses.  The high non-linearity of the hysteresis losses makes 

it impossible to calculate AC resistance in ACSR conductors [27].  Additionally, in ACSR 

conductors the number of aluminum wires has an impact on the temperature gradient [100], 

as it also does on permeability of the steel core and current density [101] [102].  

Approximate formulas exist to calculate the temperature gradient for solid/stranded 

designs, as well as solid/stranded tubes with non-ferrous inner media [103].  A lot of work 

has been done to raise concern over the effects of the temperature gradient on conductors 

[104] [103] [105].  However, for the application of large conductors the medium is usually 

copper and there is no need for steel cores providing mechanical tensile strength since the 
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cable is typically buried underground.  Further, the temperature gradient is very small in 

the conductor, as all the surrounding layers of cable materials and soil dissipate heat much 

slower than air.  Therefore, the assumptions that the conductor is non-ferrous and 

isothermal is valid for bi-media conductors when used in the application of large 

underground power conductors.  Therefore, it can be assumed that all five assumptions 

discussed above have negligible impact on all results obtained is this thesis. 

An assumption made, and previously verified through laboratory measurements, is 

that stranded conductors have an approximately equivalent AC resistance to solid 

conductors of the same cross-sectional area.  This is also true for stranded tube conductors, 

where the stranded tube would have the same AC resistance as a solid tube having the same 

inner diameter.  These assumptions are also expected to hold true for stranded conductors 

when two media are used.  Furthermore, this assumption is to be tested and verified through 

laboratory measurements on a large stranded bi-media conductor.  

3.4 Research/Verification 

Extensive recreation of existing functions was required for this work.  The first step 

was the creation of the Bessel functions in MATLAB.  MATLAB has built in Bessel 

functions, but had to be separated into real and imaginary parts for solutions using ber, bei, 

ker, and kei, as well as their derivatives.  These functions only take a real value as the input 

argument, and the complex number is added within the function.  Further, many equations 

use Bessel functions multiple times, making the code very cumbersome to write and follow.  

Therefore, simplified functions were generated to implement Bessel functions of the first, 

second, and third kinds.  Some of these functions have special statements added to avoid 

singularity errors with input arguments of zero.  Limitations in modeling Bessel functions 
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with computers has been a research interest for some time.  Researchers have done many 

studies on the errors that can be created implementing Bessel functions in an automated 

fashion [39].  Bessel functions normally take a complex input, but to simplify the 

MATLAB Bessel functions code, the imaginary number was added within the functions.  

The MATLAB code for all customized Bessel functions shown in FIGURE 3-1 through 

FIGURE 3-5 can be found in Appendix A.  Plots showing Bessel functions of the first kind 

and their derivatives separated into real and imaginary parts from available literature [106] 

compared to the outputs from the functions written in MATLAB are shown here in 

FIGURE 3-1: 

 

FIGURE 3-1: Separated Bessel functions of the first kind 
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Plots showing Bessel functions of the second kind and their derivatives separated 

into real and imaginary parts from available literature [106] compared to the outputs from 

the functions written in MATLAB are shown here in FIGURE 3-2: 

 

FIGURE 3-2: Separated Kelvin functions of the first kind 
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FIGURE 3-3: Comparison of zero order Bessel functions (1st and 2nd kinds) 

 

FIGURE 3-4: Comparison of zero order Bessel functions (3rd kind) 
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Note that since the Bessel function of the third kind is a combination of the first and second 

kinds for the same inputs of the other two functions, the real part overlaps with J0 and the 

imaginary part overlaps with Y0 (i.e. see equations (31) to (33)).  The following plots for 

all three kinds of Bessel functions of the first order were created directly in MATLAB and 

compared to the modified custom functions written in MATLAB for accuracy, shown in 

FIGURE 3-5 and FIGURE 3-6: 

 

FIGURE 3-5: Comparison of first order Bessel functions (1st and 2nd kinds) 
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FIGURE 3-6: Comparison of first order Bessel functions (3rd kind) 
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the conductor.  Available literature has shown the following results on a 1 mm radius 

copper wire over a range of frequencies from 1 kHz to 1 GHz [107], which were compared 

to current density values obtained using the custom Bessel functions written in MATLAB 

shown in FIGURE 3-7: 

 

FIGURE 3-7: Scaled current density magnitudes 
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TABLE 3-1: Skin depth at various frequencies 

Frequency 
Skin Depth Distance from Center 

of Conductor 
(mm) (mm) 

1 kHz 2.090 - 
10 kHz 0.661 0.339 
100 kHz 0.209 0.791 
1 MHz 0.066 0.934 
1 GHz 0.002 0.998 

The skin depth would be measured from the outside of the conductor, or from the 

right side of the plot.  For this reason the distance from the center has also been listed to 

make it easy to line up on the plot where the skin depth would be for each frequency.  It 

can be observed the higher the frequency the closer the skin depth location is to its 

mathematical limit of 1/e, or 37% the current density at the surface.  The current density 

distribution typically seen on large conductors operating at power frequency is most similar 

in nature to the current density distribution on a 1 mm radius conductor operating between 

10 and 100 kHz.  Therefore, when the size of conductor and skin depth are of the same 

order of magnitude, the magnitude of the current density will be larger than 37% of its 

surface value. 

Now that the current density has been obtained the next step is to verify that the 

correct AC/DC resistance and inductance ratios can also be obtained.  Because the Bessel 

function input argument is a calculated value it is easier to ensure accuracy by first using 

assumed Bessel function input arguments, rather than ones calculated specific to the 

conductor being modeled.  Using this method also allows for comparison to results 

available in literature.  The Bessel function input argument corresponds directly to a given 

conductor radius, and by extension cross-sectional area, for both copper and aluminum at 

a given frequency, as shown in FIGURE 3-8: 
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FIGURE 3-8: Bessel function input argument vs conductor radius 
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FIGURE 3-9: AC/DC resistance using Bessel input argument 

 

FIGURE 3-10: AC/DC inductance using Bessel input argument 
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The next step in the recreation and verification of the coding was to check the true 

analytical solutions using the Bessel functions with calculated input arguments and 

compare them to the industry published simplified polynomial equations.  The results of 

this are shown in FIGURE 3-11: 

 

FIGURE 3-11: Actual vs approximated resistance ratios (solid round) 
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For this plot it was assumed the inner diameter of the tube is always half of the radius.  The 

results are shown in FIGURE 3-12: 

 

FIGURE 3-12: Actual vs approximated resistance ratios (solid round tube) 
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as a test to ensure there was an exact match to the AC/DC resistance ratios of a solid round 

conductor.  The test proved to be an exact match. 

Research objectives: 

• Derive a closed-form mathematical solution for bi-media conductors. 

• Evaluate if bi-media designs suffer from manufacturing variability like 

segmented designs. 

• Evaluate how will skin depth and conductor radius being within the same 

order of magnitude effects the redistribution of current within the bi-media 

conductors. 

• Evaluate what materials (or lack thereof) are best to use in bi-media 

conductors. 

• Evaluate what effect the different media have on bi-media conductor 

designs. 

• Manufacture a bi-media conductor. 

• Experimentally validate the accuracy of a closed-form solution for bi-media 

conductors. 

• Evaluate the effects of stranding on skin effect for bi-media designs. 

• Create optimal designs for bi-media conductors that minimize AC 

resistance. 

• Evaluate how the operating temperature and frequency of bi-media 

conductors affect their optimal designs. 

• Create tables of standardized designs that are comparable to standardized 

designs in the industry. 
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• Evaluate the application window (i.e. be cost effective) of bi-media designs 

compared to segmented conductors. 

• Develop method for comparing cost effectiveness of bi-media designs 

versus segmented conductors that is independent of current metal prices. 

• Develop method for comparing cost effectiveness of bi-media designs 

versus enameled wire segmented conductors that is independent of current 

metal prices. 

• Develop simplified equations for designing bi-media conductors that can be 

used by industry practitioners. 

The first step in answering all these questions begins with deriving a mathematical 

solution for bi-media conductors.  Such a solution opens the doors for many questions to 

be answered. 



 
 
 
 
 
 

CHAPTER 4:  PROPOSED MODEL DEVELOPMENT 
 
 

4.1 Overview 

This chapter goes through the derivation of the AC/DC resistance ratio using the 

current density.  This is first done for one medium, and then expanded for two media.  

Following the derivation, the formulated analytical solution is validated using Comsol 

Multiphysics®.  The data will be taken from the program and plotted in MATLAB 

alongside the analytical solution to verify the theory.  Comsol Multiphysics® is a platform 

that uses computer simulation for the study of multiple interacting physical properties [109] 

to produce approximated results using FEA [110].  It works by creating a mesh and solving 

the governing physics equations at each point of the mesh, made possible through the 

computational capabilities of computers [111].  The physics in this case are Maxwell’s 

equations.  The program iteratively resolves every mesh point until the error between 

iterations is less than a predefined value.  By ensuring Maxwell’s equations are fulfilled at 

every point within the maximum chosen error, the laws of physics are satisfied and an 

approximately accurate solution is obtained.  Comsol Multiphysics® is mainly used for the 

calculation of nonlinear problems that don’t possess analytical solutions.  As such, it can 

be used to verify hypotheses and theories of the expected current density behavior in bi-

media conductors, and also the ultimate AC resistance.   It can also be used to verify 

analytical equations developed for bi-media conductors with any two types of media used. 
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4.2 AC Resistance Analytical Solution 

A large part of the derivation begins in the same way as it does using all Bessel 

functions.  However, the difference occurs after Iac has been calculated in equation (65).  

From here, it is the current density that will be used to complete the new derivation.  To do 

this the concept of “suppressed” and “unsuppressed” current density is introduced.  The 

concept of “unsuppressed” corresponds to the volume of the conductor that would be 

effectively utilized if the conductor were carrying DC current; this amounts to the volume 

of the cylinder, or conductor.  However, under AC conditions the volume is changed, and 

the current density is suppressed.  By examining the ratio of the real and imaginary parts 

of the unsuppressed to suppressed volumes, the resistance and reactance ratios, 

respectively, are calculated.  The suppression of the current density under AC current is 

caused by the eddy current.  As seen previously, the eddy current acts to reinforce the 

current towards the outside of the conductor and to oppose it towards the inside.  The 

currents superimpose, and the resulting net effect is an exponentially decreasing current 

density from the outside of the conductor radially inwards, as graphically shown in 

FIGURE 4-1: 

 

FIGURE 4-1: Suppressed vs unsuppressed current density 
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Note that the surface current density dictates the magnitude of the current density 

within the conductor.  The AC/DC resistance ratio is a measure of how suppressed the 

current density is in relation to the uniform DC current density that is unsuppressed.  The 

actual current density in the conductor scales equally at every point of the conductor radius, 

and therefore the AC/DC resistance ratio is independent of the actual current density.  

Therefore, the current density is scaled to the current density on the surface of the 

conductor, Jr2.  The scaled surface current density Jr2 then becomes 1 A/m2.  The Bessel 

function of the first kind zero order fully defines the behavior of the radially inward 

propagating EM wave.  Therefore, the AC current density in the conductor, scaled to its 

surface value Jr2, is: 

𝐽𝐽𝑟𝑟 =
𝐽𝐽0(𝑉𝑉𝑟𝑟)
𝐽𝐽𝑟𝑟2

=
𝐽𝐽0(𝑉𝑉𝑟𝑟)
𝐽𝐽0(𝑉𝑉𝑟𝑟2) (94) 

Note that the Bessel function of the first kind first order always starts at a real value of one 

and an imaginary value of zero.  Proceeding from equation (65), which gives the AC 

current, the DC current is: 

𝐼𝐼𝑑𝑑𝑒𝑒 = �𝐽𝐽𝑟𝑟
𝑆𝑆

∙ 𝑑𝑑𝑆𝑆 = 2𝜋𝜋� 𝑟𝑟𝐽𝐽𝑟𝑟2 ∙ 𝑑𝑑𝑟𝑟
𝑟𝑟2

0
= 𝜋𝜋𝑟𝑟22 (95) 

Recall that the AC current, previously derived, is: 

𝐼𝐼𝑎𝑎𝑒𝑒 = �𝐽𝐽𝑟𝑟
𝑆𝑆

∙ 𝑑𝑑𝑆𝑆 = 2𝜋𝜋� 𝑟𝑟𝐽𝐽𝑟𝑟 ∙ 𝑑𝑑𝑟𝑟
𝑟𝑟2

0
 (96) 

To produce a surface current density of 1 A/m2 the same electric field would be 

required for both AC and DC current, therefore: 

𝑉𝑉𝑑𝑑𝑒𝑒 = 𝑉𝑉𝑎𝑎𝑒𝑒  (97) 
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 𝐼𝐼𝑑𝑑𝑒𝑒𝑅𝑅𝑑𝑑𝑒𝑒 = 𝐼𝐼𝑎𝑎𝑒𝑒𝑍𝑍𝑎𝑎𝑒𝑒 (98) 

Note that Rdc can be easily measured and also calculated.  Recall that the DC resistance 

previously stated (for uniform length, l = 1 m) is: 

𝑅𝑅𝑑𝑑𝑒𝑒 =
𝜌𝜌𝐼𝐼
𝐴𝐴

=
1

𝜎𝜎𝜋𝜋𝑟𝑟22
 (99) 

Thus, solving for AC impedance yields: 

𝑍𝑍𝑎𝑎𝑒𝑒 = 𝑅𝑅𝑎𝑎𝑒𝑒 + 𝑗𝑗𝑋𝑋𝑎𝑎𝑒𝑒 =
𝐼𝐼𝑑𝑑𝑒𝑒
𝐼𝐼𝑎𝑎𝑒𝑒

𝑅𝑅𝑑𝑑𝑒𝑒 =
𝜋𝜋𝑟𝑟22

2𝜋𝜋 ∫ 𝑟𝑟𝐽𝐽𝑟𝑟 ∙ 𝑑𝑑𝑟𝑟
𝑟𝑟2
0

𝑅𝑅𝑑𝑑𝑒𝑒 (100) 

Which separating into AC resistance and reactance is: 

𝑅𝑅𝑎𝑎𝑒𝑒 =
𝜋𝜋𝑟𝑟22

𝑅𝑅𝐿𝐿�2𝜋𝜋 ∫ 𝑟𝑟𝐽𝐽𝑟𝑟 ∙ 𝑑𝑑𝑟𝑟
𝑟𝑟2
0 �

𝑅𝑅𝑑𝑑𝑒𝑒 (101) 

𝑋𝑋𝑎𝑎𝑒𝑒 =
𝜋𝜋𝑟𝑟22

𝐼𝐼𝑉𝑉�2𝜋𝜋 ∫ 𝑟𝑟𝐽𝐽𝑟𝑟 ∙ 𝑑𝑑𝑟𝑟
𝑟𝑟2
0 �

𝑅𝑅𝑑𝑑𝑒𝑒 (102) 

AC inductance can be readily obtained as: 

𝑋𝑋𝑎𝑎𝑒𝑒 = 𝑗𝑗𝐿𝐿𝑎𝑎𝑒𝑒 → 𝐿𝐿𝑎𝑎𝑒𝑒 =
𝑋𝑋𝑎𝑎𝑒𝑒
𝑗𝑗

 (103) 

In bi-media conductors the incident wave has a boundary condition at the interface 

of the outer medium 2 and inner medium 1.  As a result, part of the incident wave is 

reflected backwards towards the conductor surface and part is transmitted into medium 1, 

as shown in FIGURE 4-2: 
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FIGURE 4-2: Bi-media EM wave boundary condition 

Note that for 0 ≤ r < r1:  

𝐽𝐽𝑟𝑟1
− = lim

𝑟𝑟→𝑟𝑟1
𝐽𝐽𝑟𝑟 (104) 

This is because there exists a step discontinuity in the current density just inside of 

𝐽𝐽𝑟𝑟1.   

For a bi-media conductor the incoming incident EM wave behaves the same as it 

does for a single medium conductor: 

𝐽𝐽𝛼𝛼𝑒𝑒𝑒𝑒𝛼𝛼𝑑𝑑𝑒𝑒𝑒𝑒𝜕𝜕 = 𝐽𝐽0(𝑉𝑉2𝑟𝑟) (105) 

At the boundary between the metals, the part of the incident wave reflected backwards is 

[112]: 

𝐽𝐽𝑟𝑟𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝜕𝜕𝑒𝑒𝑑𝑑 = 𝑑𝑑𝐻𝐻0(𝑉𝑉2𝑟𝑟) (106) 

𝑑𝑑 = −
𝐽𝐽1(𝑉𝑉1𝑟𝑟1)𝐽𝐽0(𝑉𝑉2𝑟𝑟1) − �𝑉𝑉2 𝑉𝑉1� �𝐽𝐽0(𝑉𝑉1𝑟𝑟1)𝐽𝐽1(𝑉𝑉2𝑟𝑟1)

𝐽𝐽1(𝑉𝑉1𝑟𝑟1)𝐻𝐻0(𝑉𝑉2𝑟𝑟1) − �𝑉𝑉2 𝑉𝑉1� �𝐽𝐽0(𝑉𝑉1𝑟𝑟1)𝐻𝐻1(𝑉𝑉2𝑟𝑟1)
 (107) 

It can be observed that d is a constant, and therefore the magnitude of the reflected 

wave is dependent on the inner radius and material properties of both media.  At the 

boundary, the part of the incident wave not reflected is transmitted into the inner medium 
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according to the boundary conditions derived from Maxwell’s equations.  The boundary 

conditions state that the normal (perpendicular) component of the magnetic field and 

tangential component of the electric field of the incident wave must be continuous (i.e. 

voltage drop only occurs down the length of the conductor) [113], thus for the tangential 

electric field: 

𝐸𝐸1− = lim
𝑟𝑟→𝑟𝑟1

𝐸𝐸𝑟𝑟 = 𝐸𝐸1 (108) 

Using the constitutive equation for J: 

𝐽𝐽𝑟𝑟1
−

𝜎𝜎1
=
𝐽𝐽𝑟𝑟1
𝜎𝜎2

→ 𝐽𝐽𝑟𝑟1
− =

𝜎𝜎1
𝜎𝜎2
𝐽𝐽𝑟𝑟1  (109) 

Because the incident and reflected waves superimpose, the total current density in 

the outer medium (r1 ≤ r < r2) scaled to its surface value Jr2 can be calculated as: 

𝐽𝐽𝑟𝑟 =
𝐽𝐽0(𝑉𝑉2𝑟𝑟) + 𝑑𝑑𝐻𝐻0(𝑉𝑉2𝑟𝑟)

𝐽𝐽𝑟𝑟2
=

𝐽𝐽0(𝑉𝑉2𝑟𝑟) + 𝑑𝑑𝐻𝐻0(𝑉𝑉2𝑟𝑟)
𝐽𝐽0(𝑉𝑉2𝑟𝑟2) + 𝑑𝑑𝐻𝐻0(𝑉𝑉2𝑟𝑟2) (110) 

In the inner medium (0 ≤ r < r1) the current density of the transmitted wave behaves 

as a new incident wave.  Its amplitude is that of the incoming incident wave 𝐽𝐽𝑟𝑟1 that is 

changed relative to the boundary condition (i.e. conductivities of the two media): 

𝐽𝐽𝑟𝑟 =
𝐽𝐽0(𝑉𝑉1𝑟𝑟)
𝐽𝐽𝑟𝑟1−

=
𝐽𝐽0(𝑉𝑉1𝑟𝑟)

𝜎𝜎1
𝜎𝜎2
�𝐽𝐽0(𝑉𝑉2𝑟𝑟1) + 𝑑𝑑𝐻𝐻0(𝑉𝑉2𝑟𝑟1)
𝐽𝐽0(𝑉𝑉2𝑟𝑟2) + 𝑑𝑑𝐻𝐻0(𝑉𝑉2𝑟𝑟2)�

 (111) 

Jr is scaled to 𝐽𝐽𝑟𝑟1
− .  The AC current can again be obtained with the surface integral, 

which reduces to a shell integral, of the current density for each medium: 

𝐼𝐼𝑎𝑎𝑒𝑒_1 = �𝑟𝑟𝐽𝐽𝑟𝑟 ∙ 𝑑𝑑𝑆𝑆
𝑆𝑆

= 2𝜋𝜋� 𝑟𝑟𝐽𝐽𝑟𝑟 ∙ 𝑑𝑑𝑟𝑟
𝑟𝑟1

0
 (112) 
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𝐼𝐼𝑎𝑎𝑒𝑒_2 = �𝑟𝑟𝐽𝐽𝑟𝑟 ∙ 𝑑𝑑𝑆𝑆
𝑆𝑆

= 2𝜋𝜋� 𝑟𝑟𝐽𝐽𝑟𝑟 ∙ 𝑑𝑑𝑟𝑟
𝑟𝑟2

𝑟𝑟1
 (113) 

DC current for medium 2 is: 

𝐼𝐼𝑑𝑑𝑒𝑒_2 = �𝐽𝐽𝑟𝑟
𝑆𝑆

∙ 𝑑𝑑𝑆𝑆 = 2𝜋𝜋� 𝑟𝑟𝐽𝐽𝑟𝑟2 ∙ 𝑑𝑑𝑟𝑟
𝑟𝑟2

𝑟𝑟1
= 𝜋𝜋(𝑟𝑟22 − 𝑟𝑟12) (114) 

The surface current density still dictates the magnitude of the current density within 

the conductor.  In a bi-media conductor the suppressed AC current density to unsuppressed 

DC current density is shown in FIGURE 4-3: 

 

FIGURE 4-3: Bi-media suppress vs unsuppressed volume 

For the inner medium, the current density would still be uniform but have a 

maximum value scaled by the material conductivities, and thus for medium 1: 

𝐼𝐼𝑑𝑑𝑒𝑒_1 = �𝐽𝐽𝑟𝑟
𝑆𝑆

∙ 𝑑𝑑𝑆𝑆 = 2𝜋𝜋� 𝑟𝑟𝐽𝐽𝑟𝑟2
𝜎𝜎1
𝜎𝜎2
∙ 𝑑𝑑𝑟𝑟

𝑟𝑟1

0
= 𝜋𝜋𝑟𝑟12

𝜎𝜎1
𝜎𝜎2

 (115) 

To produce a surface current density of 1 A/m2 the same electric field would be 

required for both AC and DC current, therefore: 

𝑉𝑉𝑑𝑑𝑒𝑒 = 𝑉𝑉𝑎𝑎𝑒𝑒  (116) 
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�𝐼𝐼𝑑𝑑𝑒𝑒_1 + 𝐼𝐼𝑑𝑑𝑒𝑒_2�𝑅𝑅𝑑𝑑𝑒𝑒 = �𝐼𝐼𝑎𝑎𝑒𝑒_1 + 𝐼𝐼𝑎𝑎𝑒𝑒_2�𝑍𝑍𝑎𝑎𝑒𝑒 (117) 

Note that Rdc can be easily measured and also calculated using (for uniform length, 

l = 1 m): 

𝑅𝑅𝑑𝑑𝑒𝑒 = 𝑅𝑅𝑑𝑑𝑒𝑒_1 // 𝑅𝑅𝑑𝑑𝑒𝑒_2 =
1

𝜎𝜎1𝜋𝜋𝑟𝑟12 + 𝜎𝜎2𝜋𝜋(𝑟𝑟22 − 𝑟𝑟12) (118) 

Thus, solving for AC impedance yields: 

𝑍𝑍𝑎𝑎𝑒𝑒 =
𝐼𝐼𝑑𝑑𝑒𝑒_1 + 𝐼𝐼𝑑𝑑𝑒𝑒_2

𝐼𝐼𝑎𝑎𝑒𝑒_1 + 𝐼𝐼𝑎𝑎𝑒𝑒_2
𝑅𝑅𝑑𝑑𝑒𝑒 =

𝜋𝜋𝑟𝑟12
𝜎𝜎1
𝜎𝜎2

+ 𝜋𝜋(𝑟𝑟22 − 𝑟𝑟12)

2𝜋𝜋 ∫ 𝑟𝑟𝐽𝐽𝑟𝑟𝑑𝑑𝑟𝑟
𝑟𝑟1
0 + 2𝜋𝜋 ∫ 𝑟𝑟𝐽𝐽𝑟𝑟𝑑𝑑𝑟𝑟

𝑟𝑟2
𝑟𝑟1

𝑅𝑅𝑑𝑑𝑒𝑒 (119) 

Which separating into AC resistance and reactance is: 

𝑅𝑅𝑎𝑎𝑒𝑒 =
𝜋𝜋𝑟𝑟12

𝜎𝜎1
𝜎𝜎2

+ 𝜋𝜋(𝑟𝑟22 − 𝑟𝑟12)

𝑅𝑅𝐿𝐿 �2𝜋𝜋 ∫ 𝑟𝑟𝐽𝐽𝑟𝑟𝑑𝑑𝑟𝑟
𝑟𝑟1
0 + 2𝜋𝜋 ∫ 𝑟𝑟𝐽𝐽𝑟𝑟𝑑𝑑𝑟𝑟

𝑟𝑟2
𝑟𝑟1

�
𝑅𝑅𝑑𝑑𝑒𝑒 (120) 

𝑋𝑋𝑎𝑎𝑒𝑒 =
𝜋𝜋𝑟𝑟12 + 𝜋𝜋(𝑟𝑟22 − 𝑟𝑟12)

𝐼𝐼𝑉𝑉 �2𝜋𝜋 ∫ 𝑟𝑟𝐽𝐽𝑟𝑟𝑑𝑑𝑟𝑟
𝑟𝑟1
0 + 2𝜋𝜋 ∫ 𝑟𝑟𝐽𝐽𝑟𝑟𝑑𝑑𝑟𝑟

𝑟𝑟2
𝑟𝑟1

�
𝑅𝑅𝑑𝑑𝑒𝑒 (121) 

Note that if r1 = 0 then this gives the exact same solution as the single medium derivation 

of equations (101) and (102).  AC inductance can again be readily obtained with: 

𝑋𝑋𝑎𝑎𝑒𝑒 = 𝑗𝑗𝐿𝐿𝑎𝑎𝑒𝑒 → 𝐿𝐿𝑎𝑎𝑒𝑒 =
𝑋𝑋𝑎𝑎𝑒𝑒
𝑗𝑗

 (122) 

The peak of the current densities always appears on the surface of the conductor 

when a higher conductivity medium is used on the outside.  However, this may not be true 

if a lower conductivity medium is used on the outside.  For practical purposes (i.e. having 

the higher conductivity medium in the location with the highest possible current density), 

this is the only configuration that would be desirable to use.   
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4.3 Theoretical Validation and Analysis 

In the power industry it is typical to segment copper conductors greater than 1000 

mm2.  Sometimes copper conductors with cross-sectional areas as low as 800 mm2 are 

segmented.  FIGURE 4-4 shows the scaled real part of the current density of some nominal 

area sized copper conductors: 

 

FIGURE 4-4: Current density in various solid copper conductor sizes 

It can be observed that at 1200 mm2, the first standardized size that is larger than 

1000 mm2, the current density is nearly zero on the inside of the conductor.  Hence, much 

of the cross-sectional area added to the conductor is not effectively carrying current.  This 

indicates that increasing area would result in less and less of a return on lowering AC 

resistance.  On sizes above 1200 mm2, the current density actually goes negative.  Because 

this is a good conductor the electron density is approximately uniform.  The negative 
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density here is truly a negative charge carrier velocity, indicating the current is flowing in 

the opposite direction.  This means that adding copper will actually give a higher AC 

resistance.  This makes it apparent why industry practice is to use segmented conductor 

designs on cross-sectional areas larger than 1000 mm2.  The current density is a complex 

quantity, with real part corresponding to resistance and imaginary part corresponding to 

reactance.  Once the phase angle of current towards the inside of the conductor lags the 

surface value by more than 90° the current flows backwards, and thus removing this part 

would improve AC resistance [114].  However, care must be taken when creating such 

designs, since removing or replacing one of the media with another causes a redistribution 

of current density [36].  Hence, the point at which the current density becomes negative 

will shift towards the outside of the conductor.  The further apart in conductivity the two 

media are, the more the crossing point will shift.  This makes sense intuitively since most 

of the current flows within the higher conductivity outer medium, raising the current 

density in that area.   

In order to evaluate the theoretical accuracy of the equations obtained, a test case 

is performed on a 2000 mm2 round copper conductor.  The DC resistance value at 20°C is 

defined as 9x10-6 ohm/m [92].  The DC resistance at 90°C is: 

𝑅𝑅𝑑𝑑𝑒𝑒 = 𝑅𝑅0[1 + 𝛼𝛼20(𝜃𝜃 − 20)] (123) 

𝑅𝑅𝑑𝑑𝑒𝑒 = 9𝑥𝑥10−6[1 + 0.00393(90 − 20)] = 1.15𝑥𝑥10−5 (124) 

The resistivity of copper at 90°C is: 

𝜌𝜌 = 𝜌𝜌0[1 + 𝛼𝛼20(𝜃𝜃 − 20)] (125) 

𝜌𝜌 = 1.7241𝑥𝑥10−8[1 + 0.00393(90 − 20)] = 2.1984𝑥𝑥10−8 (126) 

Therefore, the equivalent radius of a solid conductor of this resistance is: 
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𝑟𝑟2 = �
𝜌𝜌

𝜋𝜋𝑅𝑅𝑑𝑑𝑒𝑒
= 0.0247 𝑉𝑉 = 24.7 𝑉𝑉𝑉𝑉 (127) 

Two types of inner media are used:  air and aluminum.  In both cases it is assumed that the 

inner radius is 15 mm.  This is the current density distribution when having a 15 mm radius 

air or aluminum core, created with the analytical solution derived and compared to the 

Comsol Multiphysics® approximation using FEA, shown in FIGURE 4-5: 

 

FIGURE 4-5: Current density in bi-media conductors 

Note that removing the core and replacing it with a lower conductivity medium 

always improves current density in the outer medium.  However, this is not necessarily an 

optimal design, as it also increases the DC resistance.  The ultimate goal is to have an 

optimal point where the media are switched, that gives the lowest possible AC resistance.  
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The point changes depending on the media used (i.e. conductivity), outer radius (or cross-

sectional area), frequency, and temperature.  Now that the current density distribution has 

been verified, the AC resistance, inductance and their ratios can be as well.  While current 

density is a calculation taking place on a conductor of fixed inner and outer radii, in order 

to find the optimal design point, the AC resistance needs to be examined over the entire 

range of inner radii with a fixed outer radius only.  Doing this allows for the observance 

and analysis of AC resistance when removing the core and replacing it with air or 

aluminum.  FIGURE 4-6 shows the AC and DC resistances of this copper conductor as an 

inner core is replaced by either air or aluminum: 

 

FIGURE 4-6: Resistance in bi-media conductors 
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The left-most side of this plot shows an all coper conductor, since none of the core 

has been replaced by air or aluminum.  The right-most side of this plot shows an all air or 

aluminum conductor.  This is the reason the Air / CU conductor design goes to infinity 

although r2 in both designs is fixed at 24.7 mm.  It can also be observed that both the Air / 

CU and AL / CU conductors start at the same DC and AC resistance values, as they are 

both all copper at this point.  These values have also been verified against methods in 

existing literature [1] not using a shell integration of current density to obtain AC 

resistance.  Results in existing literature exactly match those of the methodology for 

calculating AC resistance using current density.  The corresponding skin effect observed 

is as shown in FIGURE 4-7: 

 

FIGURE 4-7: Skin effect in bi-media conductors 
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It can be observed here that the skin effect of Air / CU approaches one, as an 

infinitely thin tube would have a flat DC current density.  Like the AC to DC resistance 

ratio, the AC to DC inductance ratio can also be calculated with results shown in FIGURE 

4-8: 

 

FIGURE 4-8: Inductance ratio in bi-media conductors 

In reducing the AC/DC resistance ratio, it can also be observed that bi-media 

conductors can have smaller inductance, which is also an added benefit.  The inductance is 

smaller because at a fixed frequency, as the conductor radius increases the magnetic field 

is present over an increasingly smaller volume of the conductor, thus the self-inductance 

decreases [6].  Alternatively, it has been shown that inductance always decreases as 

frequency increases in a solid round conductor.  At a fixed frequency, if a solid round 
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conductor were transformed into a hollow conductor of the same cross-sectional area the 

inductance would also go down as the thickness of the tube becomes thinner [39].   

The optimal point for the design of each conductor is different.  The Air / CU 

conductor has an AC resistance minima at 9.2 mm, whereas the AL / CU conductor has its 

minima at 11.3 mm.  The minima do not align exactly where the current density crosses 

zero.  The optimal point to minimize AC resistance depends on both the increased DC 

resistance when removing or replacing some of the copper core and the volume under the 

curve used in calculating the skin effect.  As such, the optimal point of an Air / CU bi-

media conductor will always have a positive current density.  If the current density were 

negative in an Air / CU conductor the DC resistance would still decrease while volume 

under the curve also decreased, which could only increase AC resistance.  However, for 

the optimal design of an AL / CU conductor, it makes sense to have some of the aluminum 

with a negative current density since there is still more copper with a high enough current 

density to make up for the backwards-flowing negative current in the aluminum.  Note that 

the backwards-flowing current on the inside of the conductor results from conduction 

current being less than the eddy current opposing it.  The current density distributions of 

optimally designed bi-media conductors (i.e. AC resistance minimized at radii of 9.2 mm 

for the Air / CU conductor and 11.3 mm for the AL / CU conductor) are shown in FIGURE 

4-9: 
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FIGURE 4-9: Current density in optimal bi-media conductors 

By studying conductors of different radii, the application range at power 

frequencies becomes more evident.  Conductors of fixed outer radii from 5 mm to 30 mm 

in 5 mm increments are examined.  The metals used here are copper with an aluminum 

core.  The DC resistances of these conductors are shown in FIGURE 4-10: 
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FIGURE 4-10: DC Resistance in various radii AL / CU conductors 

The x-axes have been formatted such that the diameter of the aluminum core is 

shown as a percentage of the entire conductor diameter.  The y-values is logarithmic, so 

the DC resistance of all sizes can be viewed on a single plot.  Adding aluminum increases 

the DC resistance, as the copper and aluminum act as two resistors in parallel.  Intuitively, 

it may seem reasonable to assume that adding aluminum would also increase AC 

resistance.  However this is not always the case, as shown in FIGURE 4-11: 
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FIGURE 4-11: AC Resistance in various radii AL / CU conductors 

The y-axis of the AC resistance curves have been scaled with their all-aluminum 

values to allow easy comparison of their nature in response to increasing the size of the 

aluminum core.  This figure shows that the AC resistance of an all-copper conductor on 

the left side of the graph approaches the ratio of aluminum to copper conductivity as the 

total conductor outer diameter is decreased.  This is because smaller conductors are less 

impacted by the skin effect, as their current density distribution approaches uniform DC 

current density.  From here it can be observed that when the radius of the conductor exceeds 

15 mm there is an inflection in the AC resistance where a minima presents itself and the 

optimal design is going to be a mix of both aluminum and copper.  The corresponding skin 

effect is shown in FIGURE 4-12: 
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FIGURE 4-12: Skin effect in various radii AL / CU conductors 

It is also of interest to see what would happen if the conductor core were copper 

with aluminum on the outside.  In this case, the DC resistance plot would be as shown in 

FIGURE 4-13: 
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FIGURE 4-13: DC resistance in various radii CU / AL conductors 

The DC resistance in this case decreases as copper is added in place of aluminum, 

as would be expected.  The AC resistance has the opposite trend that was seen on the AL / 

CU conductor, as shown in FIGURE 4-14: 
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FIGURE 4-14: AC resistance in various radii CU / AL conductors 

Here, we see that adding a copper core to an aluminum conductor with radii greater 

than 20 mm will actually result in higher AC resistance.  For practical purposes it makes 

no sense to increase AC resistance, which is particularly true given the factor that copper 

is more expensive than aluminum.  The corresponding skin effect for these conductors is 

shown in FIGURE 4-15: 

0 10 20 30 40 50 60 70 80 90 100

CU Core Radius (% of Total)

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

R
el

at
iv

e 
A

C
 R

es
is

ta
nc

e

r = 5 mm

r = 10 mm

r = 15 mm

r = 20 mm

r = 25 mm

r = 30 mm



 93 

 

FIGURE 4-15: Skin effect in various radii CU / AL conductors 

 

The plots for Air / CU compared to AL / CU are practically the same.  The only 

differences are that the DC and AC resistances approach infinity as the conductor becomes 

air only and the AC/DC resistance ratios of all sizes approach one.  The same inflection 

phenomena of the AC resistance happens for the same reason as in AL / CU conductors, 

however the optimal radius for the AC resistance minima shifts slightly radially inward.
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CHAPTER 5:  EXPERIMENTAL VALIDATION 

 
 

5.1 Overview 

This chapter details the laboratory measurements done on two samples.  It begins 

with a discussion on the background of the theory behind the AC measurement technique 

used.  Following this, there is a more specific discussion on the actual equipment used for 

the measurements.  After the specific test measurement setup has been described, specifics 

about the cable samples being tested are discussed.  Once the measurements are made on 

the samples the experimental results are presented.  This chapter is concluded with 

commentary on these measurements and an analysis of how well the theoretical solution 

matches the laboratory measurements.  Note that the analysis performed in this chapter are 

carried out at a temperature of 20°C, since this is closest to ambient temperature during 

testing and the temperature results are normally adjusted to in the conductor design 

standard [92].  The frequency used is variable, and the specific frequency used for each test 

is stated along with all results and plots. 

5.2 AC Resistance Laboratory Testing 

There are several techniques used today for making laboratory measurements of 

AC resistance.  All methods can divided into two basic methodologies:  the thermal method 

and the electrical method [115].  Typically, in the thermal method an insulated cable is 

installed in a tube of known thermal properties.  A large amount of AC current is then used 

to heat the conductor to a steady state temperature, such that no more increased joule 
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heating occurs.  Using the measured temperature drop across the tube, the ohmic heating 

power losses of the conductor can be calculated, which is then used to calculate AC 

resistance [70].  Some minor drawbacks of this methodology are the high energy costs and 

long waiting times (typically > 10 hours).  Additionally, this method has the more critical 

challenges of (i) large cross-sectional area conductors being difficult to bring to steady 

state temperature, and (ii) the fact that the test cannot be performed on a production length 

of cable wound on a drum – due to mutual heating between the windings of cable [45].   

The electrical method is most commonly performed by injecting AC current into 

the conductor and calculating AC resistance using the conductor voltage drop and phase 

angle measurement between the voltage and current.  A power analyzer can be used to 

make these measurements.  In order to get an accurate measurement of AC resistance it is 

imperative that the measurement equipment has high accuracy in the sensing of phase angle 

and waveform amplitudes.  It is recommended to use equipment with phase error 

uncertainty of less than ± 5 x 10-5 and amplitude uncertainty of less than ± 1 x 10-2 [46].  

In order to ensure accurate phase angle displacement of the current measurement, a shunt 

should be used.  Previous AC resistance measurements taken at a sampling rate of 125 

kSa/s were able to show accurate results of a high voltage cable with a large power 

conductor at frequencies up to 100 Hz [44].  If the sampling rate is not high enough the 

phase shift of the voltage created by the self-inductance of all circuit components results 

in inaccurate measurements.  For accurate phase angle resolution on power cables a 

sampling rate of at least 1 MSa/s is recommended when testing at power frequencies [64].  

However, to ensure accurate readings at higher frequencies a sampling rate of 10 MSa/s is 

recommended [96].  The insulation between the two conductors (i.e. the conductor and 
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shield wires) forms a capacitor.  At very high frequencies (MHz range), the leakage current 

can become significant resulting in erroneous AC resistance measurements.  Since the AC 

resistance is calculated with the real power divided by the square of the current (RMS 

value), when the measured current increases the AC resistance decreases and therefore 

appears lower than it truly is.  However, the leakage current is so small it has no effect on 

the frequencies tested here.  Still, it is recommended that measurements be done on 

complete production lengths of cable to help minimize error due to parasitic effects [44].  

The electrical method accuracy is further dependent on the absence of external 

magnetic fields and magnetic materials [64].  This test method is typically performed with 

the cable conductor and shield connected in series (i.e. the shield is used as a coaxial return 

conductor).  The shield minimizes the voltage drop along the conductor due to inductance, 

as the coaxial configuration allows for the cancellation of the magnetic field outside of the 

cable shield to a large extent [116].  Hence, testing can be done with the cable wound on a 

reel without high losses from the proximity effect being introduced by nearby windings of 

the conductor.  The setup of this test method taken from existing literature [64] is shown 

in FIGURE 5-1: 
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FIGURE 5-1: General AC resistance measurement test setup 

Passing current though any conductor introduces some ohmic heating losses which 

change the conductor resistance.  However, the amount of current injected with this test 

methodology is typically a small percentage of the rated current carrying capacity of the 

conductor, and thus any increase in conductor resistance is considered negligible.  The 

ambient temperature is important for measurement purposes since the copper and 

aluminum DC resistance changes by approximately 0.4% per degree Celsius over the 

temperature range used for power cables [94].  Therefore, it is recommended that the cable 

be maintained at a reasonably constant temperature for at least 12 hours before measuring 

DC resistance [77].  When using the cable shield as a return path, the separation distance 

of the two conductors is negligible, assuming the conductor is perfectly concentric and 

centered around a perfectly concentric shielding layer.  However, the reality of 

manufacturing is that a perfectly concentric cable is an impossibility.  Therefore, the 

manufacturing tolerances must be closely monitored since the non-concentric set-up can 
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significantly increase current density on the nearer sides of the conductors and result in 

erroneous AC resistance measurements [45]. 

Some additional factors that influence the AC resistance measurement of the 

electrical test method include contact resistance of connectors, voltage measurement tap-

offs, metallic shield design, and the influence of metallic objects.  Poor electromechanical 

contact leads to uneven current density distribution inserted into the wires of the conductor.  

When clamping a connector onto a conductor the contact resistance can be reduced by 

using a large enough contact area, lower resistivity contacting media, and enough 

compressive force to ensure a sufficient contact depth [117].  The influence of contact 

resistance down the length of the conductor between strands past the connector can be 

mitigated by testing a long length of cable since it increases the chances of better contact 

spots between wires [118].  Effectively, a long cable increases the measured resistance and 

hence reduces the noise (contact resistance) to signal (conductor resistance) ratio.  This has 

the effect of making the contact resistance relatively small compared to the resistance of 

the test object.  Further, it is recommended that wide-area contact voltage tap-offs be used 

[45].  A concentric wire metallic shield, as opposed to a metallic corrugated sheath, must 

be used when measuring AC resistance of a cable conductor wound on a reel.  This is 

because magnetic coupling occurs between the conductor and shield/sheath when the cable 

is wound on a drum that is much higher in the case of the sheath [46].  When a corrugated 

outer sheath is used it creates a non-uniform geometry in the cable, that affects the apparent 

AC/DC resistance ratio of the conductor and sheath that is more pronounced at higher 

frequencies [14] or when the cable is bent [46].  Experimental research measurements done 

long ago showed negligible impact from the proximity effect of metallic objects greater 
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than 20 cm away [31].  This has been recently corroborated with the recommendation that 

the cable be placed at least 50 cm above a metallic ground in order for it to have 

insignificant impact on AC resistance [45]. 

The testing performed in the following sections is done using the electrical method 

described above.  It is advisable to perform AC resistance measurements over a range of 

frequencies since it allows for the accuracy of the results to be more easily verified against 

other measurements and theoretical calculations [46].  However, care must be taken when 

doing this since higher frequencies introduce additional error.  Testing long lengths of cable 

is good for accuracy, but expensive for testing purposes.  Cigré working group D1.54 is 

working on methodologies for accurate testing of shorter lengths, such as two meters [96] 

[45].  Testing short lengths introduces additional sources of error that can be generally 

ignored when the conductor is tested on a reel.  For example, it has been shown that 

inhomogeneous current insertion on long lengths of cable does not influence AC resistance 

measurements but such effects have not yet been determined for short lengths of cable [45].  

The following section describes setup of the testing performed on long lengths of cable. 

5.2.1 Test Setup 

The test setup requires a current source to generate the current circulated around 

the loop, and a measurement device to measure the current generated and the voltage drop 

across the conductor.  The waveform of the current is created using a BK Precision model 

4005DDS signal generator.  This signal is then connected to a 2000 watt Gemini XGA-

2000 power amplifier to increase the signal strength.  The output of the power amplifier is 

connected to a custom-made 10 VAC 6000 amp L/C Magnetics high-current transformer.  

The transformer was designed to heat large low resistance conductors by injecting high 
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current at low voltage.  The measurement of the voltage and current is made using a 

Tektronix PA1000 single-phase power analyzer.  The power analyzer has 1 and 20 amp 

shunts for accurate current measurements, and a sampling rate of 1 MSa/s.  The connection 

of the equipment is shown in FIGURE 5-2: 

 

FIGURE 5-2: Detailed AC resistance measurement test setup 

A photograph of the test setup is shown in FIGURE 5-3: 
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FIGURE 5-3: Picture of AC resistance measurement test setup 

The corresponding circuit diagram for this setup is shown in FIGURE 5-4: 

 

FIGURE 5-4: Circuit diagram of AC resistance measurement test setup 

The current leads and internal resistance of the power analyzer can be assumed to 

have negligible impact on the measurement accuracy.  Likewise, the shunt capacitance 

between the cable conductor and shield can also be assumed to have negligible impact over 
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the range of test frequencies (i.e. it acts as an open circuit).  All connection points to the 

cable, shield and jumper have associated contact resistances.  It is particularly important 

that good electrical contact be made on either side of the conductor to ensure uniform 

current insertion.  Because this is a closed circuit and the shunt capacitance acts as open, 

the current can be measured at any point in the circuit. 

The current transformer had been originally purchased under the assumption that 

the testing frequency would be 60 Hz.  Therefore, the equipment had been specifically 

designed for this frequency.  It is possible that distorted waveforms (i.e. not perfectly 

sinusoidal due to signal clipping since the ferromagnetic core is electromagnetically 

saturated) may be produced as a result.  Also, operating the transformer at frequencies 

lower than 60 Hz lowers its inductive reactance, which increases current flowing through 

the primary winding.  Care was taken when operating at lower frequencies to ensure the 

transformer was not damaged by burning the primary winding.  Furthermore, the power 

analyzer was also purchased for intended measurements at power frequencies.  Experience 

has shown that a sampling rate of 500 Sa/cycle is sufficient to accurately measure 

amplitudes and phase differences of the voltage and current waveforms.  The maximum 

test frequency for this criteria is shown in FIGURE 5-5: 
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FIGURE 5-5: Sampling rate versus frequency 

It can be observed that to accurately measure 20 kHz at a recommended sampling 

frequency of 500 Sa/cycle, the sampling rate of the equipment should be of 10 MSa/s or 

higher.  Since the PA1000 samples at 1 MSa/s the following zoomed in view of FIGURE 

5-5 shows the expected range of accuracy in FIGURE 5-6.  This shows that for 

measurements at frequencies greater than 2 kHz the measurement accuracy for the power 

analyzer will start to degrade, as this is below 500 Sa/cycle. 
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FIGURE 5-6: Sampling rate versus frequency (zoomed view) 

5.2.2 Cable Samples 

The conductors tested were in cable samples that had passed through complete 

manufacturing operations.  The AC resistance of conductors changes throughout the 

manufacturing process, due to the variable diameter of the strands (i.e. quality control 

during conductor wire drawing), stretching and work-hardening (particularly during 

conductor compaction), helical twisting of wires resulting in a longer than linear length, 

and winding/unwinding on reels [119].  As stated previously, there are two cable samples 

that were tested.  The first sample was constructed with a Copperweld® #1/0 AWG copper-

clad aluminum conductor.  The sample was donated by Copperweld® in Fayetteville, 

Tennessee in their interest to have a formulated and proven analytical solution developed 

for calculating AC resistance in their bimetallic conductors.  Note that they are currently 

the largest producers and suppliers of bimetallics in the world by volume.  The conductor 

is a solid design, and the copper and aluminum are metallurgically bonded using a process 
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designed by Copperweld® [4].  Unlike the work proposed in this dissertation, it was never 

the intention of Copperweld® to create a conductor that reduces AC resistance by using 

both the copper and aluminum as current carrying media.  However, if this sample were 

tested over a high range of frequencies it could be used to prove the theory of a large bi-

media conductor at power frequencies.  Since larger conductors operating at a lower 

frequency have equivalent counterparts of smaller conductors operating at a higher 

frequency, testing could be done on either to effectively prove the same thing.  This is ideal 

for matching the theory since the analytical solution is also for a solid design.  However, 

there are two downsides:  the cross-sectional area of the conductor and the amount of 

copper to aluminum used.  Skin effect does not become more pronounced until conductors 

have a large enough cross-sectional area.  As previously seen in FIGURE 4-12, a conductor 

of 5 mm radius (or an area of 79 mm2) is practically operating at a unity skin effect at 

power frequency.  That is, there is a negligible increase in the AC resistance versus DC 

resistance.  To account for this, a higher test frequency was used, as it has the same effect 

as a lower frequency on a larger conductor.  The problem with increasing the frequency is 

that testing above 2 kHz degrades measurement accuracy since less than 500 Sa/cycle are 

being measured.  The second downside is the relatively small amount of copper used in the 

design.  The highest percentage of copper by volume (CBV) that can be manufactured is 

15%.  Therefore, this was the chosen CBV as it allowed for the highest window of visibility 

at the lowest possible test frequency.  These downsides aren’t generally an issue for copper-

clad aluminum conductors, as their intended application is not the same.  Copperweld® is 

normally using the copper cladding as a way to prevent corrosion and improve electrical 

contacts, while gaining the benefits of the lower cost and weight of aluminum.  The 
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following certificate of compliance was created for the conductor as shown on TABLE 

5-1.  The important specifications here that are pertinent to testing are the diameter and 

copper volume.  Using this data, TABLE 5-2 was produced to show information relevant 

to testing. 

TABLE 5-1: CCA conductor certificate of compliance 

 

TABLE 5-2: CCA conductor data 

Layer 
Diameter Radius Volume Area DC Resistance 

mm Mm % mm2 ohm/m @ 20C 
Aluminum 7.583 3.791 83.60% 45.16 6.259E-04 

Copper 8.293 4.147 16.40% 8.86 1.946E-03 
Total 8.293 4.147 100.00% 54.02 4.736E-04 

In order to perform testing, this conductor was manufactured into a medium voltage 

power cable.  This allows the cable to be used in a coaxial configuration, since the shield 

wires are used as a return conductor during testing.  A picture of the manufactured cable is 

shown in FIGURE 5-7:  
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FIGURE 5-7: Picture of CCA test sample 

Although it is difficult to see, there is a small 0.355 mm thick layer of copper 

cladding around the aluminum conductor.  In order to see the desired effect of the bi-media 

conductor design is it necessary that a significant amount of the current density is 

concentrated in the copper layer.  The frequency range for the test was 60 Hz to 20 kHz.  

A selection of the obtained current density plots over this range are shown in FIGURE 5-8: 
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FIGURE 5-8: Calculated current density in CCA conductor 

It can be observed that current density of a wire this small at 60 Hz is practically 

that of its operation during DC current.  That is, the current density is basically 100% of its 

surface value throughout the copper layer, and then drops to 61% (i.e. conductivity of 

aluminum versus copper) in the aluminum layer.  It is important to look at how the AC/DC 

resistance ratio of all copper and all aluminum conductors compare to the bi-media design 

being tested.  Examining such values ensures that the measured AC/DC resistance ratio is 

correct to the theory, as opposed to being closer to an all copper or all aluminum conductor.  

Theoretical plots for the AC/DC resistance ratio in all copper and all aluminum conductors 

of the same diameter for comparison to the bi-media conductor are shown in FIGURE 5-9: 
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FIGURE 5-9: AC/DC resistance ratio in CCA conductor 

At 4 kHz the power analyzer is only taking 250 Sa/cycle, which is half the desired 

value of at least 500 Sa/cycle.  Therefore, it is not expected that correct data will be 

obtained for higher test frequencies.  It can be observed on this plot that the skin effect has 

a different shape at first when compared to higher frequencies.  This is because the Bessel 

function is exponentially decreasing, and also decreases faster at higher frequencies.  

Hence, the skin depth is also decreasing.  At five skin depths nearly all the current flows 

within the outer cross-sectional area above this depth, and the inside can be removed with 

negligible impact on the AC resistance.  This is why as frequency becomes sufficiently 

high, the skin effect becomes a linear function.  The most complicated region of the skin 

effect in a single medium conductor is when the conductor radius is one (i.e. no longer 

uniform current density) to five skin depths.  Within this region the entirety of the 
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conductor has a noticeable impact on skin effect.  A table view of some of the data points 

for which the current density was plotted is shown on TABLE 5-3: 

TABLE 5-3: Skin effect in CCA conductor 

Frequency 
Rac / Rdc 

Skin Depth, δ (CU) # of Skin Depths 
Hz mm (r2- r1)/δ 
60 1.001 8.532 0.042 

1000 1.118 2.090 0.170 
2000 1.362 1.478 0.240 
8000 2.339 0.739 0.481 

20000 3.332 0.467 0.760 

The highest skin effect in general on designs that would practically be made (i.e. 

3000 mm2 segmented copper with a ks = 0.8) is nearly 1.9 at 20°C.  The skin depth is shown 

on this table, alongside copper thickness (r2 – r1 = 0.355 mm) divided by the skin depth.  

This shows the number of skin depth the copper thickness is at the given frequency.  At 8 

kHz the current density is being nearly equally affected by both the copper and aluminum 

layers, and the thickness of the copper is approximately half of a skin depth.  The most 

representative frequency range of the CCA conductor current density distribution to that of 

a large power conductor at 60 Hz (i.e. frequency range when current density distribution 

between copper and aluminum media is similar) occurs between 2 and 8 kHz on the copper-

clad aluminum conductor.  However, it is still of interest to test at higher frequencies to 

observe the effects of forcing the majority of the current into the thin outer copper layer.  

When the frequency is very low the copper layer has a negligible effect on AC resistance, 

and when very high the aluminum has a negligible effect on AC resistance.  This can be 

demonstrated by plotting the change in the AC/DC resistance ratio for the bi-media design 

versus the all aluminum equivalent OD conductor (as it basically is under DC conditions), 

as shown in FIGURE 5-10: 
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FIGURE 5-10: AC/DC resistance ratio in CCA vs all AL conductor 

In this plot it can be observed that past a certain frequency the AC/DC resistance 

ratio between the all aluminum and bi-media conductors stops changing.  This indicates 

that on frequencies above approximately 40 kHz nearly all the current is traveling in the 

copper cladding layer of the bi-media conductor.  At 40 kHz the skin depth of copper is 

0.3304 mm, which is consistent with the thickness of the copper cladding.  Therefore, the 

frequency range of 10 to 20 kHz still provides useful information for comparison to the 

mathematical theory of the bi-media conductor.  This high frequency range would not be 

of as much interest on a larger conductor, but is on this test sample due to the relatively 

small thickness of the copper compared to the aluminum.  This behavior of the current 

density being primarily in the copper layer can also be seen by looking at the AC resistance.  
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FIGURE 5-11 shows the AC resistance of the copper-clad aluminum conductor over the 

range of frequencies being tested: 

 

FIGURE 5-11: AC resistance in CCA conductor 

FIGURE 5-11 shows that the AC resistance of the copper-clad aluminum conductor 

starts nearly equal to the all aluminum conductor and becomes nearly the same as the all 

copper conductor.  This shows the current at low frequencies being concentrated in the 

aluminum layer and then shifting to the copper layer at high frequencies.  From 50 to 100 

kHz, the bi-media conductor has a lower AC resistance than the all copper conductor.  This 

is because this is the range in which the negative current density in the copper can be 

improved with aluminum.  If the plot was extended to cover higher frequencies, the AL / 
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CU and all copper designs would be practically the same, as practically all of the current 

would be traveling solely in the copper layer. 

The second sample manufactured was done using a stranded conductor with a 

cross-sectional area of 2570 mm2.  It was a non-standard cross-sectional area design, as the 

cable was made purely for the proof of concept in testing as reused conductor design 

tooling from a previously manufactured custom sized conductor.  The advantage of this 

test sample versus the first test sample is that the conductor is an appropriately sized design 

to prove the derived mathematical theory at power frequency.  Additionally, the equipment 

being used for measurement purposes was also chosen for testing at power frequency.  The 

disadvantages of this design are that it is stranded instead of solid, its large size makes it 

more difficult to work with (e.g. the conductor weighed 18.37 kg/m), and the low resistance 

of the conductor makes contact resistances more substation in the measurements.  All 

conductors this large must be stranded, so the test sample is still ideal from a manufacturing 

point of view.  However, the stranding of the conductor will add a slight amount of 

measurement error due to the reactance of the spirals.  It is expected that the stranded bi-

media conductor will perform the same way the stranded single medium conductors do.  

By this it is meant that the AC/DC resistance ratio of the stranded conductor will be the 

same as the AC/DC resistance ratio of a solid conductor having the same cross-sectional 

area.  The following measurements were made on the manufactured test sample, shown in 

TABLE 5-4: 
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TABLE 5-4: 2570 mm2 bi-media conductor dimensions 

 Layer 

Stranded Solid 
Solid Solid 

Diameter Radius Diameter Radius 
mm mm mm2 ohm/m @ 20C 

Aluminum 34.00 17.00 31.87 15.93 797.7 3.543E-02 
Copper 59.90 29.95 57.20 28.60 1772.1 9.729E-03 
Total 59.90 29.95 57.20 28.60 2569.7 7.633E-03 

The conductor aluminum and copper layers were weighed on a production sample 

and the DC resistance was measured during production using a Schuetz Messtechnik MR 

300 C-A digital micro ohm meter in a temperature and humidity environmentally 

controlled test chamber.  The DC resistance measured was 2.0% higher than calculated 

based on weights.  This is expected since stranding the conductor effectively increases its 

length and therefore causes a slight increase in resistance.  A photograph of the DC 

resistance test proceeding conductor manufacturing (i.e. before manufacturing into a power 

cable) is shown in FIGURE 5-12: 
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FIGURE 5-12: Picture of post-stranding DC resistance measurement setup 

In order to perform testing, this conductor was manufactured into a power cable.  

Unlike the first test sample that was a typical medium voltage power cable design, this test 

sample is a non-standard design.  Because the testing current and voltage is very low a 

reduced amount of insulating materials were used.  It is still important that the cable be 

concentric, as a non-concentric cable design results in a non-uniform current density 

distribution in the conductor.  This is due to an uneven distance and therefore uneven 

proximity effect between the conductor and the shielding.  A picture of the manufactured 

conductor is shown in FIGURE 5-13:  
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FIGURE 5-13: Picture of 2570 mm2 bi-media conductor 

The frequency range for the test will be 30 to 200 Hz.  Some current density plots 

over this range are shown in FIGURE 5-14: 
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FIGURE 5-14: Calculated current density in 2570 mm2 bi-media conductor 

It can be observed that the current density distribution of such a large conductor has 

a significant change from uniform DC current density distribution even for frequencies as 

low as 30 Hz.  It is again important to look at how the AC/DC resistance ratio of all copper 

and all aluminum conductors compare to the bi-media design being tested.  Theoretical 

plots for the AC/DC resistance ratio in all copper and all aluminum conductors of the same 

cross-sectional area for comparison to the bi-media conductor are shown in FIGURE 5-15:  
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FIGURE 5-15: AC/DC resistance ratio in 2570 mm2 bi-media conductor 

This shows that the bi-media conductor AC/DC resistance ratio is nearly the same 

for the all aluminum and bi-media conductors.  A table view of some of the data points for 

which the current density was plotted is shown on TABLE 5-5: 

TABLE 5-5: Skin effect in 2570 mm2 bi-media conductor 

Frequency 
Rac / Rdc 

Skin Depth, δ (CU) # of Skin Depths 
Hz mm (r2- r1)/δ 
30 1.439 12.065 1.050 
60 1.950 8.532 1.485 

100 2.436 6.608 1.917 
140 2.828 5.585 2.268 
200 3.325 4.673 2.710 

The equivalent solid copper thickness (r2 – r1 = 12.67 mm) over the skin depth is 

shown in TABLE 5-5, which indicates the number of skin depths the copper thickness is 
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at the given frequency.  Unlike the first test sample, the thickness of the copper layer at all 

test frequencies is greater than half of its skin depth.  Therefore, it should be easy to discern 

the effects of the current density being affected by both the copper and aluminum layers 

from it being affected by only the copper or aluminum layer at 30 Hz.  Also, the highest 

test frequency of 200 Hz is not susceptible to measurement inaccuracies due to low 

sampling rates as the first test sample was.  The change in AC/DC resistance ratio for the 

bi-media design versus the all aluminum equivalent OD conductor is shown in FIGURE 

5-16: 

 

FIGURE 5-16: Rac / Rdc in 2570 mm2 bi-media vs all AL conductor 

The inflection in the curve that occurs around 60 Hz represents the optimal 

conductor frequency where the AC resistance of the conductor has been reduced by 
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replacing some of the copper core with an aluminum core.  In this plot it can be observed 

that past a certain frequency the skin effect ratio between the all aluminum and bi-media 

conductor stops changing.  This indicates that on frequencies above approximately 2 kHz 

nearly all the current is traveling in the outer copper layer of the bi-media conductor.  This 

behavior of the current density being primarily in the copper layer can also been seen by 

looking at the AC resistance.  FIGURE 5-17 shows the AC resistance of the 2570 mm2 bi-

media conductor over the range of frequencies being tested: 

 

FIGURE 5-17: AC resistance in 2570 mm2 bi-media conductor 

FIGURE 5-17 shows that the AC resistance of the bi-media conductor starts 

between the all copper and all aluminum, since its DC resistance is between these two 

points.  However, the AC resistance quickly becomes nearly equal to the all copper 
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conductor for frequencies at or above 30 Hz.  This demonstrates that for frequencies above 

30 Hz the bi-media conductor has basically the same AC resistance of an all copper 

conductor, despite having an inner core of aluminum.  The frequency range above 40 Hz 

when the AC resistance of the AL / CU is less than the all copper conductor corresponds 

to the current density becoming negative in the core.  Therefore, removing it or replacing 

it with a lower conductivity medium improves the AC resistance.  If the plot showed up to 

higher frequencies the AL / CU and all copper designs would be practically the same, as 

basically all of the current would be traveling solely in the copper layer. 

5.2.3 Experiment Results 

The test was first performed on a 144 foot sample of copper-clad aluminum 

conductor cable.  The small diameter of the cable made it possible to test the cable off of 

the reel.  Only a small amount of mutual inductance between the coils was expected, since 

the magnetic field is mostly canceled outside of the cable due to the coaxial configuration.  

The cable was also on a wooden reel, which introduces less inductive effects as opposed 

to a steel reel.  Still, to ensure as little mutual inductance between the test object and either 

itself or any other nearby objects, the cable was suspended in the air with two cranes in a 

high voltage laboratory.  Photographs taken of the measurement setup are shown in 

FIGURE 5-18 and FIGURE 5-19: 
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FIGURE 5-18: Equipment test setup of CCA conductor 
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FIGURE 5-19: Cable test setup of CCA conductor 

The DC resistance was measured as 2.106 x 10-2 ohm at 18.6°C using a Raytech 

Micro-Jr. 2 digital micro ohm meter.  This value was then corrected to a unit length value 

at 20°C of 4.826 x 10-4 ohm/m.  The power analyzer was used to measure real power and 

RMS current.  Using these values the AC resistance was then calculated as follows: 
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𝐼𝐼2

 (130) 

The time step T for a sampling rate of 1 MSa/s is 1 μs.  The power analyzer display 

shows measurements that update two times every second (i.e. each display refresh is a 

result from 500 kSa).  The logged values used to calculate AC resistance were saved every 

one second.  Each time data values were logged (i.e. the real power and RMS current 

measurements made from the power analyzer) the values were the average of four 

measurement periods (i.e. two seconds, 2 MSa) using a measurement delay setting.  This 

delay setting was chosen on the power analyzer to help obtain more consistent results, since 

the measurements sought after are not time dependent.  Values were logged for fifteen 

seconds, and calculations of the AC/DC resistance ratios from each of the fifteen 

measurement sets consistently resulted in the same AC/DC resistance ratio.  FIGURE 5-20 

summarizes the results of the AC resistance ratios that were measured versus the theoretical 

results expected: 
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FIGURE 5-20: AC/DC resistance ratios measured on CCA conductor 

The error bars shown are related to the measurement accuracy of the power 

analyzer.  Due to a relatively low voltage applied (generally 0.3 to 0.9 V) to the test object, 

the voltage measurement accuracy range was wide.  This wide range of voltage 

measurement accuracy further produced a wide range in the real power measurement 

accuracy since it is calculated using the voltage measurement.  Since the AC/DC resistance 

ratios calculated for each set of measurements at the same frequency were consistent, it is 

believed that the measurement error due to the low voltage did not have a substantial effect 

on the accuracy of the measurements.  However, the actual values expected are within the 

error bars of the measured values.  It can be observed on the figure that the theoretical and 

measured values are very close up until approximately 4 kHz.  The error between the actual 

and measured values is summarized in TABLE 5-6: 
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TABLE 5-6: Error in AC/DC resistance ratios measured on CCA conductor 

Frequency Error 
(Hz) (%) 
60 0.0% 

1000 0.5% 
2000 0.9% 
3000 1.2% 
4000 2.2% 
5000 3.7% 
6000 5.1% 
7000 6.4% 
8000 8.0% 
9000 9.6% 

10000 11.3% 
12000 14.1% 
14000 17.5% 
16000 19.7% 
18000 20.6% 
20000 21.8% 

This data can also be viewed in terms of AC resistance as shown in FIGURE 5-21: 

 

FIGURE 5-21: AC resistance measured on CCA conductor 
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As was expected due to the low number of samples per cycle for frequencies higher than 2 

kHz, the accuracy of the results above 2 kHz are not reliable.  The summary at the end of 

the chapter includes a more detailed analysis of other sources of error. 

The test on the 2570 mm2 conductor was performed on a 3452 foot sample of 

stranded copper around a stranded aluminum conductor core.  The total cable diameter was 

approximately 110 mm.  The large diameter and weight of the cable required it be tested 

on the steel reel.  Also, due to the low resistance of the conductor the contact resistance of 

the connectors was removed from the DC resistance measurements.  While this long cable 

length has the benefits of reducing error from contact resistance and non-homogeneous 

current insertion into the test object, it introduces a magnetic object in close proximity of 

the test object.  Specifically, the reel with the cable on it effectively is acting as a large 

inductor.  A photograph taken of the measurement setup is shown in FIGURE 5-22: 
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FIGURE 5-22: Equipment test setup of 2570 mm2 conductor (steel reel) 

The DC resistance (after removing contact resistance of the connectors) was 

measured as 7.983 x 10-3 ohm at 18.0°C using a Raytech Micro-Jr. 2 digital micro ohm 

meter.  This value was then corrected to a unit length value at 20°C of 7.649 x 10-6 ohm/m.  

This value is 0.21% higher than originally measured on a test sample taken during 

manufacturing of the conductor.  It is expected that conductor resistance increases through 

manufacturing.  The contact resistance on the long length of 2570 mm2 conductor 

comprised approximately 0.7% of the total resistance of the test object.  FIGURE 5-23 

summarizes the results of the AC resistance ratios that were measured versus the theoretical 

results expected: 
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FIGURE 5-23: AC/DC resistance ratios of 2570 mm2 conductor (steel reel) 

The error bars are related to the measurement accuracy of the power analyzer.  Due 
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produced a wide range in the real power measurement accuracy since it is calculated using 

the voltage measurement.  It can be observed in FIGURE 5-23 that the theoretical and 

measured values continually diverge with increasing frequency.  This is believed to be due 

to the inductive effect of the cable coiled on the steel reel.  A wooden reel is not able to 

support this length of cable due to weight, but can be used for testing shorter lengths.  The 

error between the actual and measured values is summarized in TABLE 5-7: 
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TABLE 5-7: Error in AC/DC resistance ratios of 2570 mm2 conductor (steel reel) 

Frequency Error 
(Hz) (%) 
30 -0.4% 
40 -1.8% 
50 -3.4% 
60 -4.8% 
70 -6.1% 
80 -7.3% 
90 -8.4% 

100 -9.4% 
110 -10.1% 
120 -10.8% 
130 -11.3% 
140 -11.7% 
150 -12.0% 
160 -12.2% 
170 -12.3% 
180 -12.4% 
190 -12.4% 
200 -12.4% 

This data can also be viewed in terms of AC resistance as shown in FIGURE 5-24: 

 

FIGURE 5-24: AC resistance measured on 2570 mm2 conductor (steel reel) 
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Due to the large difference between the theoretical and measured values shown on 

FIGURE 5-24 the cable was wound onto a wooden reel to reduce proximity effects of the 

steel reel.  In order to further reduce proximity effects the cable was wound onto the reel 

with gaps between the windings.  Testing on the 2570 mm2 conductor was repeated for this 

cable on a 318 foot sample.  A photograph taken of the measurement setup is shown in 

FIGURE 5-25: 

 

FIGURE 5-25: Equipment test setup of 2570 mm2 conductor (wood reel) 

The DC resistance (after removing contact resistance of the connectors) was 

measured as 7.334 x 10-4 ohm at 17.6°C using a Raytech Micro-Jr. 2 digital micro ohm 

meter.  This value was then corrected to a unit length value at 20°C of 7.640 x 10-6 ohm/m.  
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This value is 0.09% higher than originally measured on a test sample taken during 

manufacturing of the conductor, and within accuracy of the measuring equipment.   Contact 

resistance of the connectors on this shorter length comprised approximately 7.2% of the 

total resistance measured in the test object.  FIGURE 5-26 summarizes the results of the 

AC resistance ratios that were measured versus the theoretical results expected: 

 

FIGURE 5-26: AC/DC resistance ratios of 2570 mm2 conductor (wood reel) 
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injection was required to obtain a large enough voltage signal to measure with the power 

analyzer.  For frequencies below 80 Hz this resulted in clipping of the waveform, and 

therefore limited measurements to frequencies starting at 80 Hz.  It can be observed in 

FIGURE 5-26 that the theoretical and measured values diverge with increasing frequency.  

This is believed to be due to remaining inductive effects of metallic objects and spacing 

not able to be achieved between all windings as shown in FIGURE 5-25.  Furthermore, 

higher frequencies also result in more pronounced manufacturing variance.  That is, the 

exact geometry of the conductor has a larger effect on measurement results.  The error 

between the actual and measured values is summarized in TABLE 5-8: 

TABLE 5-8: Error in AC/DC resistance ratios of 2570 mm2 conductor (wood reel) 

Frequency Error 
(Hz) (%) 
80 -0.5% 
90 -1.3% 

100 -2.0% 
110 -2.6% 
120 -3.0% 
130 -3.3% 
140 -3.6% 
150 -3.9% 
160 -4.0% 
170 -4.1% 
180 -4.1% 
190 -4.0% 
200 -4.0% 

This data can also be viewed in terms of AC resistance as shown in FIGURE 5-27: 
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FIGURE 5-27: AC resistance measured on 2570 mm2 conductor (wood reel) 
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conductor from those of mutual inductance.  However, FIGURE 5-14 shows that at 30 Hz 

there is a significant contribution from both the copper and aluminum parts of the 

conductor.  Therefore, the values obtained are still very close as compared to the conductor 

being all copper or all aluminum.  Additionally, measurements made on the 2570 mm2 bi-

media conductor cable show close agreement with the theoretical results.  Although the 

steel reel and low sampling rate (i.e. less than 500 Sa/cycle) are by far the largest 

contributors to the error in measurements, there are many other factors that are also sources 

of error.  All the following factors, which cause increasing error with higher frequencies, 

contribute to the error in the measurements: 

• the proximity effect between the conductor and shield (since the current is in 

opposite directions in the conductor and shield, the current density distribution in 

the conductor is further suppressed, resulting in a higher apparent AC/DC 

resistance ratio than caused by the conductor alone), 

• the current transformer (since it was designed for 60 Hz, it is possible that distorted 

waveforms not perfectly sinusoidal were produced at other frequencies if the 

ferromagnetic core was saturated), 

• penetration depth approaching design features (the theory is based on a solid round 

conductor; therefore, if the frequency is high enough that the skin depth is low 

enough to be comparable to the size of the conductor strands, the theory is not as 

accurate), 

• manufacturing quality control of the copper cladding (very accurate thickness of 

the copper cladding and diameter of the conductor are essential when trying to 
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prove theory on such a small conductor, and therefore slight changes can result in 

large differences with respect to theoretical results), 

• manufacturing quality control of the conductor roundness (a concentric conductor 

results in non-symmetric current density distribution not accounted for in theoretic 

calculations), 

• manufacturing quality control of the cable roundness (not perfectly concentric cable 

results in non-symmetric current density distribution in the conductor since the 

distance between the conductor and shield is not consistent), 

• the stranding of the conductor (the theory is based on a solid conductor, and 

therefore does not account for the reactance of the spirals),  

• DC resistance affected by bends in the cable (bends compress the conductor on the 

inside effectively decreasing DC resistance and elongate it on the outside 

effectively increasing DC resistance, resulting in non-symmetric current density 

distribution), 

• connection of the leads to the conductor (since current insertion into the conductor 

may not have been uniformly entering each strand, possibly due to high contact 

resistance) 

• and cable geometry affected by bends in the cable (bends create compressive force 

inside the cable that puts the conductor more off center, which creates a non-

symmetric current density distribution). 

Now that the theoretical background and test results of bi-media designs have been 

presented, the next task is finding the correct application for them.  The next chapter 

addresses how the bi-media designs are optimized, and what the ideal application range 
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(depending on operating conditions) is for these new conductors.  The chapter also 

discusses how these new design can be used in the power industry.   

 

 



 
 
 
 
 
 

CHAPTER 6:  INDUSTRY APPLICATION 
 
 

6.1 Overview 

This chapter discusses how the new solutions of large bi-media power conductors 

can be implemented in the industry.  Specifically, as found earlier, the important media 

that are presented are Air / CU and AL / CU.  The Air / CU design is not something that 

hasn’t been done in the past, but it has not been explored from the point of view of using 

the AC resistance minima in comparing it to existing designs.  Copper-clad aluminum 

conductors, such as the AL / CU design, also currently exist in the industry, but not for 

large conductors and further has not had an analytical solution for calculation of skin effect. 

When presenting these designs to the industry, it is important that there are 

standardized designs to simplify manufacturing and reduce cost to the consumer.  

However, standardized sizes do not tell the whole story of whether a bi-media conductor 

is more cost effective.  In the case of AL / CU designs, the cross-sectional area is expected 

to be slightly higher than that of segmented copper, but the price may still be lower as some 

copper has been replaced with aluminum.  Therefore, the bi-media conductors are 

compared with the typical design for large power conductors, namely segmented copper 

on the basis of material cost only (i.e. no manufacturing cost considered). 

The next issue arising is if someone within the industry wants to create a non-

standard design themselves.  Implementation of the solutions described within this 

dissertation would require great knowledge of the subject and powerful PC tools such as 
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MATLAB to implement.  To address this issue simplified polynomial equations are 

presented, in the same fashion that exist in industry standards currently.  These allow for a 

simplified calculation of the cross-sectional area required for each medium in order to 

minimize AC resistance.  Additionally, there are also simplified polynomial equations to 

calculate the AC/DC resistance ratio of any bi-media design of non-standard cross-

sectional area.  

Finally, concluding this chapter there is commentary on a full selection 

methodology, along with examples of how a practitioner of these calculations would go 

about choosing the lowest cost conductor design.  There is also commentary contained 

throughout the chapter of important design considerations, and a summary detailing the 

lowest cost options.  Note that the industry operates such conductors either at a temperature 

of 90°C or 105°C.  Also, the power system frequency depending where in the world the 

system is located is either 50 or 60 Hz.  Therefore, the data presented in this chapter covers 

all four of these permutations.  Additionally, when figures and tables are presented these 

ranges are in the order of most to least applicable combination of temperature and 

frequency.  Lower temperature and higher frequency are more conductive to the application 

window of bi-media conductors, and therefore the data is presented in order from most 

effective to least effective:  90°C/60Hz, 105°C/60Hz, 90°C/50Hz, and 105°C/50Hz.  Recall 

that the minima of the AC resistance shifts depending on both frequency and temperature.  

Therefore, the presented designs are specific to a maximum conductor operating 

temperature and frequency.   

One would naturally want to design the conductor around the maximum operating 

temperature since this is the point at which the skin effect is most critical to achieving the 
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desired capacity.  This is why design of conductors is done at maximum operating 

temperature, such that one knows the maximum possible ampacity of the conductor. 

It should be noted that the cost comparison done in this chapter should be viewed 

as the material cost to obtain wires required to strand the conductors presented.  The wire 

drawing cost to make copper or aluminum from rod is relatively small, so costs presented 

could also be approximately viewed as the raw material costs.  There is a price ratio that 

exists in the bi-media AL / CU designs when the price of copper to aluminum ratio dictates 

whether or not the design is cost effective.  There are also additional costs not included 

here that would need to be addressed when utilizing such designs.  When creating 

segmented conductors the individual segments must be twisted together in an additional 

operation after stranding, which can be quite costly.  The cost of this is also a factor in 

determining when segmented conductors are used in place of stranded round conductors 

[75].  The diameter of AL / CU conductors are slightly larger than that of segmented 

conductors, and this will also affect the cost of additional materials required when 

manufacturing power cables.  This is because the wall thickness of the polymer is usually 

a fixed thickness, thus starting with a larger diameter uses more material.  Larger diameters 

may also affect maximum shipping lengths and size of installation accessories (e.g. joint 

bodies, clamps, conduits, etc.).  The AL / CU conductors also have advantages versus all 

copper conductors besides cost.  These relate to the decrease in weight.  This property of 

the conductor can also affect manufacturing and shipping, since weight of the shipping reel 

can exceed equipment limitations.  Further, when cables are installed underground they are 

commonly pulled into conduits for protection.  Although the tensile strength of copper is 

greater than aluminum, this is overshadowed by the lighter weight of the conductor that 
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ultimately allows for lower pulling tensions.  Thus, this leads to longer installation lengths 

and less cost.  All these other factors affecting cost should be evaluated by industry 

practitioners when designing cables.  Typically, the conductor material cost is by far the 

largest cost component of the cable and the most beneficial to reduce. 

6.2 Standardized Sizes 

Note that there are no standardized sizes for hollow conductors, since the point isn’t 

to locate the AC resistance minima but is driven by the application (e.g. cooling liquid).  

However, designing a hollow conductor specifically for reducing the AC resistance also 

has advantages in that the empty center can be used for other purposes.  For example, some 

possible applications include placing a fiber optic inside for distributed temperature sensing 

(DTS) or communications, or pumping a cooling liquid through to either lower conductor 

temperatures and reduce ohmic heating losses and allow for an increased ampacity rating. 

The standardized sizes were created to match the nominal cross-sectional area 

conductors in current industry standards.  As previously mention, the nominal and actual 

cross-sectional areas differ slightly.  Therefore, the actual cross-sectional areas of the 

nominal conductors proposed were designed to match that of the actual cross-sectional 

areas of copper conductors calculated using their defined DC resistances.  The optimal 

inner and outer radii were found such that they represent the minima of the AC resistance.  

Up until a certain point the addition of either an Air or AL core immediately begins to 

increase AC resistance.  In this case it is shown that the optimal radii of the inner medium 

is zero, or the conductor is optimally all copper.  For 90°C and 60 Hz, FIGURE 6-1 details 

the optimal inner versus outer medium radii: 
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FIGURE 6-1: Optimal radii (90°C, 60 Hz) 

This can also be viewed in terms of cross-sectional areas for each medium.  This 

may be easier to conceptualize since conductors are generally discussed in terms of their 

cross-sectional areas as opposed to radii.  FIGURE 6-2 shows the optimal conductor 

construction at 90°C and 60 Hz: 
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FIGURE 6-2: Optimal area (90°C, 60 Hz) 

It can be observed that conductors of outer radii greater or equal than 17.3 mm (or 

areas greater than 943 mm2) have optimal bi-media designs.  It is also of interest to see 

how the AC and DC resistances behave.  Looking specifically at when the optimal designs 

become useable at 17.3 mm for Air / CU in FIGURE 6-3: 
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FIGURE 6-3: AC and DC resistance of optimal Air / CU conductors (90°C, 60 Hz) 

FIGURE 6-3 shows that as the DC resistance is increasing with the removal of the 

core, the AC resistance is lowering.  For an AL / CU conductor this plot is as shown in 

FIGURE 6-4: 
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FIGURE 6-4: AC and DC resistance of optimal AL / CU conductors (90°C, 60 Hz) 

The same effect occurs with AL / CU conductors, as does with Air / CU conductors. 

For 105°C and 60 Hz, FIGURE 6-5 details the optimal inner versus outer medium radii: 
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FIGURE 6-5: Optimal radii (105°C, 60 Hz) 

FIGURE 6-6 shows the same data as FIGURE 6-5 in terms of cross-sectional areas 

for each medium: 
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FIGURE 6-6: Optimal area (105°C, 60 Hz) 

It can be observed that conductors of outer radii greater or equal than 17.7 mm (or 

areas greater than 988 mm2) have optimal bi-media designs.  It is also of interest to see 
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FIGURE 6-7: AC and DC resistance of optimal Air / CU conductors (105°C, 60 Hz) 

FIGURE 6-7 shows that as the DC resistance is increasing with the removal of the 

core, the AC resistance is lowering.  For an AL / CU conductor the resistance plot are as 

shown in FIGURE 6-8: 
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FIGURE 6-8: AC and DC resistance of optimal AL / CU conductors (105°C, 60 Hz) 

For 90°C and 50 Hz, FIGURE 6-9 details the optimal inner versus outer medium 

radii: 
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FIGURE 6-9: Optimal radii (90°C, 50 Hz) 

FIGURE 6-10 shows the same information as FIGURE 6-9 in terms of cross-

sectional areas for each medium: 
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FIGURE 6-10: Optimal area (90°C, 50 Hz) 
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point is shift right with frequency since the frequency is moving toward DC conditions 

where there would be no optimal point.  In such cases the optimal design would always be 

all copper.  It is also of interest to see how the AC and DC resistances behave.  Looking 

specifically at when the optimal designs become useable at 19.0 mm for Air / CU in 

FIGURE 6-11: 
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FIGURE 6-11: AC and DC resistance of optimal Air / CU conductors (90°C, 50 Hz) 

For an AL / CU conductor the resistance plot are shown in FIGURE 6-12: 
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FIGURE 6-12: AC and DC resistance of optimal AL / CU conductors (90°C, 50 Hz) 

For 105°C and 50 Hz, FIGURE 6-13 details the optimal inner versus outer medium 

radii: 
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FIGURE 6-13: Optimal radii (105°C, 50 Hz) 

FIGURE 6-14 shows the same information as FIGURE 6-13 in terms of cross-

sectional areas for each medium: 
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FIGURE 6-14: Optimal area (105°C, 50 Hz) 

It can be observed that conductors of outer radii greater or equal than 19.4 mm (or 

areas greater than 1187 mm2) have optimal bi-media designs.  It is also of interest to see 

how the AC and DC resistances behave.  Looking specifically at when the optimal designs 

become useable at 19.4 mm for Air / CU in FIGURE 6-15: 
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FIGURE 6-15: AC and DC resistance of optimal Air / CU conductors (105°C, 50 Hz) 

For an AL / CU conductor the resistance plot is shown in FIGURE 6-16: 
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FIGURE 6-16: AC and DC resistance of optimal AL / CU conductors (105°C, 50 Hz) 

Finally, using all the optimal radii, cross-sectional areas and DC resistances 

TABLE 6-1 through TABLE 6-4 summarizes the standardized designs for the various 

operating temperature and frequency combinations.  Note that all tables go from 800 mm2 

to 3000 mm2 conductors.  However, a bi-media conductor is not always the optimal choice.  

When this occurs the row is highlighted red to signify the optimal design would be an all 

copper conductor as opposed to a bi-media Air / CU or AL / CU design:
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The outer diameter of stranded conductors varies between manufacturers because 

both the compaction that the conductor stranding equipment is able to achieve and the 

designs of the conductors (e.g. diameter, lay lengths and number of strands, hardness of 

copper and aluminum wire used for manufacturing, etc.) change.  TABLE 6-5 shows the 

radii for compact stranded conductors from one manufacturer that are used as an estimate 

for the compaction ratio (i.e. ratio of compact stranded to solid conductor radius) on bi-

media conductors: 

TABLE 6-5: Compaction Ratio of Stranded Conductors 

ID 
Area Outer Radius Compaction Ratio 

Nominal True Solid Stranded Outer 
mm2 mm2 mm Actual Approx. Error (%) 

1 800 780.1 15.76 16.85 1.0693 1.0691 -0.01% 
2 1000 979.6 17.66 18.95 1.0731 1.0759 0.26% 
3 1200 1141.8 19.06 20.60 1.0806 1.0786 -0.18% 
4 1400 1336.5 20.63 22.20 1.0763 1.0787 0.23% 
5 1600 1525.8 22.04 23.70 1.0754 1.0763 0.08% 
6 2000 1915.7 24.69 26.30 1.0651 1.0652 0.01% 
7 2500 2394.6 27.61 28.80 1.0432 1.0456 0.24% 
8 3000 2873.5 30.24 31.00 1.0250 1.0271 0.20% 

The formula for the approximation of the compaction ratio was created using a 

polynomial regression, as shown in FIGURE 6-17: 
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FIGURE 6-17: Compaction Ratio of Stranded Conductors 

As shown on TABLE 6-5, the approximated formula shown on FIGURE 6-17 has 

a maximum error of 0.26% for nominal cross-sectional areas up to 3000 mm2.  Because 

the hardness of copper and aluminum are different, some further variation can be expected 

for the compaction ratios of bi-media designs.  All stranded radii discussed herein are 

purely for illustrative purposes, and not meant to be theoretical values.  TABLE 6-6 and 

TABLE 6-7 show the approximate stranded radii of the optimally designed bi-media 

conductors of standardized cross-sectional areas, along with their AC resistances at the 

given operating temperatures and frequencies listed: 
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TABLE 6-6: Stranded Radii and AC Resistance of Standardized Bi-Media (60 Hz) 

ID 
Nominal 

Area 
Stranded Radius Rac 

@ 90°C 
Stranded Radius Rac 

@ 105°C Inner Outer Inner Outer 
mm2 mm ohm/km mm ohm/km 

Air Core 
1 800 0.00 16.19 3.193E-02 0.00 16.19 3.310E-02 
2 1000 1.05 18.17 2.681E-02 0.00 18.14 2.778E-02 
3 1200 3.51 19.89 2.358E-02 2.89 19.79 2.450E-02 
4 1400 5.92 22.00 2.057E-02 5.33 21.84 2.140E-02 
5 1600 8.12 24.05 1.831E-02 7.51 23.85 1.906E-02 
6 2000 12.51 28.28 1.492E-02 11.83 27.99 1.555E-02 
7 2500 17.63 33.17 1.215E-02 16.87 32.79 1.267E-02 
8 3000 23.03 38.67 1.025E-02 22.14 38.15 1.070E-02 

AL Core 
1 800 0.00 16.19 3.193E-02 0.00 16.19 3.310E-02 
2 1000 1.48 18.14 2.690E-02 0.00 18.14 2.780E-02 
3 1200 4.39 19.58 2.414E-02 3.73 19.58 2.491E-02 
4 1400 6.74 21.18 2.171E-02 6.23 21.18 2.237E-02 
5 1600 8.57 22.64 1.995E-02 8.14 22.64 2.053E-02 
6 2000 11.61 25.36 1.737E-02 11.26 25.36 1.784E-02 
7 2500 14.60 28.36 1.527E-02 14.31 28.36 1.567E-02 
8 3000 17.15 31.06 1.380E-02 16.88 31.06 1.415E-02 
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TABLE 6-7: Stranded Radii and AC Resistance of Standardized Bi-Media (50 Hz) 

ID 
Nominal 

Area 
Stranded Radius Rac 

@ 90°C 
Stranded Radius Rac 

@ 105°C Inner Outer Inner Outer 
mm2 mm ohm/km mm ohm/km 

Air Core 
1 800 0.00 16.19 3.087E-02 0.00 16.19 3.208E-02 
2 1000 0.00 18.14 2.568E-02 0.00 18.14 2.661E-02 
3 1200 0.34 19.58 2.288E-02 0.00 19.58 2.366E-02 
4 1400 3.43 21.46 2.007E-02 2.75 21.36 2.085E-02 
5 1600 5.63 23.32 1.791E-02 4.98 23.18 1.862E-02 
6 2000 9.78 27.18 1.466E-02 9.10 26.95 1.526E-02 
7 2500 14.61 31.79 1.198E-02 13.88 31.50 1.248E-02 
8 3000 19.50 36.67 1.013E-02 18.64 36.23 1.056E-02 

AL Core 
1 800 0.00 16.19 3.087E-02 0.00 16.19 3.208E-02 
2 1000 0.00 18.14 2.568E-02 0.00 18.14 2.661E-02 
3 1200 0.51 19.58 2.289E-02 0.00 19.58 2.366E-02 
4 1400 4.37 21.18 2.047E-02 3.60 21.18 2.113E-02 
5 1600 6.60 22.64 1.870E-02 6.00 22.64 1.927E-02 
6 2000 10.06 25.36 1.616E-02 9.60 25.36 1.662E-02 
7 2500 13.31 28.36 1.413E-02 12.94 28.36 1.451E-02 
8 3000 15.99 31.06 1.272E-02 15.67 31.06 1.306E-02 

6.3 Replacement of Segmented Conductors 

The applicability of bi-media designs can be more easily demonstrated by 

comparing the cost of standardized cross-sectional areas of segmented conductors to those 

of bi-media having equal AC resistance.  As was seen previously, segmented conductors 

have an empirically derived ks factor used to adjust the value of a solid/stranded design (i.e. 

ks = 1.0) to the lower resistance obtained using a segmented design.  There are four ks 

values that are to be examined:  ks = 0.8 for extruded insulation on conductors where the 

individual layers of strands have a bidirectional lay, ks = 0.62 for extruded insulation on 

conductors where the individual layers of strands have a unidirectional lay (shown to 

decrease AC resistance in segmented conductors [120]), ks = 0.435 for fluid/paper/PPL 
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insulation, and ks = 0.35 for extruded insulation on conductors where the individual strands 

are enameled.  It should also be noted that enameled wires have a different cost than bare 

copper wires.  A challenge to address is how to make the information presented timeless 

as the price of copper and aluminum change.  To do this the price ratio of copper to 

aluminum is used.  Also, enameled wires add the complicating factor of their additional 

cost.  To address this separate cost adders are presented for each percentage of price 

increase of the enameled wires over the bare copper wires alone.  Currently, the price 

increase to enamel copper wires adds 30% to the wire price.  However, to insulate all wires 

from each other not every strand needs to be enameled.  Instead every other row either has 

every other strand enameled (insulates each strand from bordering strands in the same 

layer) or all strands enameled (insulates each strand from bordering strands in the same 

layer as well as strands in the layer above and below it).  This ensures no two bare wires 

are touching while at the same time enameling as few strands as possible.  The most cost 

effective choice for which layer has all strands enameled depends on how many stranded 

layers the conductor has, as shown on TABLE 6-8:   

TABLE 6-8: Percent of enameled wires in segmented conductors 

Layer 
Number 

Strands 
per 

Layer 

Segment 
Wires 

Segment 
Enameled Wires 

Total Enameled 
Wires 

Number % Number % 
0 1 1 0 0.0% 0 0.0% 
1 6 7 0 0.0% 0 0.0% 
2 12 19 0 0.0% 0 0.0% 
3 18 37 9 24.3% 45 22.1% 
4 24 61 24 54.1% 165 50.9% 
5 30 91 15 52.7% 240 50.6% 
6 36 127 36 66.1% 420 64.2% 
7 42 169 21 62.1% 525 60.8% 
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When enameled wires are used in segmented conductors, typically the center wire 

and first two layers are not enameled.  The third layer then has all wires enameled and 

fourth layer has every other wire enameled.  This pattern of every wire in the layer and 

every other wire in the layer continues throughout the design and ensures no bare wire past 

the second layer is touching another bare wire.  After assembling these segments into a 

finished conductor, assuming the center core has 19 bare wire strands and the conductor 

has 5 segments, the average number of enameled strands in the total conductor is between 

22.1% and 64.2%.  Most commonly conductor segments have 60 to 90 wires, so the total 

conductor would require approximately 51% of the wires to be enameled.  The cost 

increase for the enameling in all following tables and calculations is assumed to be the cost 

increase for enameling wire times the percent of enameled wires in the segmented 

conductor design.  The range of percent increase that is covered is from 12% up to 44%.  

This range was chosen because, as shown, at 12% price increase the enameled wire 

conductors are always more cost effective, and at 44% or higher price increase the 

enameled is only more cost effective when the price of aluminum exceeds the price of 

copper.  This is an unlikely situation, as the price of copper over aluminum is currently 

around three times the cost. 

The only material cost of the Air / CU designs is that of the copper.  This is also the 

case for non-enameled segmented copper conductors.  Therefore, if less copper is required 

for the Air / CU conductor design it must be more cost effective (i.e. because it requires 

less copper) than the non-enameled segmented copper conductor.  This can be observed in 

FIGURE 6-18, which shows the weight (i.e. material consumption) of a segmented copper 
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conductors (independent of ks) compared to the weight that would be required for Air / CU 

conductors to have the same AC resistance: 

 

FIGURE 6-18: Weight of Air / CU (ks=0.8) vs segmented CU 

FIGURE 6-18 shows that the material consumption of the Air / CU conductor is 

initially greater than the segmented copper conductor, but becomes less just past 1500 mm2.  

At this point the change in weight is zero, since the two conductor designs use the same 

amount of copper.  Therefore, at this point the material cost for both conductor designs is 
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the same.   The Air / CU conductor is never more cost effective than the segmented copper 

conductor until the material consumptions cross, since in the beginning “optimal” designs 

amount to comparing the copper cross-sectional area required to make a solid copper 

conductor with the same AC resistance as a segmented copper conductor.  As such, the 

solid copper conductor always requires more cross-sectional area and is thus never cost 

effective.  Adversely, at the point when the cross-sectional area becomes smaller for Air / 

CU than segmented copper the cost of the Air / CU conductor is always cost effective.  The 

general shape of material consumption of all Air / CU designs of equal AC resistance 

compared to segmented copper conductors at 90°C and 60 Hz is shown in FIGURE 6-19: 



170 
 

 

 

FIGURE 6-19: Weight of Air / CU vs segmented CU (enamel = 0%) 

It can be seen that the weight of the segmented copper and Air / CU designs cross 

for ks = 0.8 and ks = 0.62, but not for ks = 0.435 and ks = 0.35.  The crossing point, or 

alternatively where the change in weight is zero, indicates the point at which the Air / CU 

becomes more cost effective than segmented copper.  Whereas a ks = 0.435 never crosses 

and is therefore never cost effective, ks = 0.35 changes depending on the enameling cost.  

Note here that the cost of enamel is assumed to be zero.  Adding the enamel won’t change 
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the weight, however it does change the cost effectiveness.  The cost effective point shifts 

depending on the cost adder percentage of the enameled wire.  To illustrate this data is 

plotted with an “effective” weight.  As opposed to real weight, which is all that is needed 

to compare cost effectiveness in Air / CU conductors to bare copper segmented conductors, 

the “effective” weight has the weight adjusted to be representative of the cost to enamel 

the wires.  As an example, the plot above is repeated with the enameling cost price increase 

changed to 30% (approximate cost today) as shown in FIGURE 6-20: 
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FIGURE 6-20: “Effective” weight of Air / CU vs segmented CU (enamel = 30%) 

Now, the “effective” weight of the segmented enameled conductor has increased, 

causing a shift in when it becomes cost effective.  This shows that not only does the enamel 

solution cross the Air / CU solution, but at today’s cost it does so and becomes cost 

effective even before any other segmented conductor type.  Looking at some more specific 

examples helps further clarify what is happening.  FIGURE 6-21 demonstrates what 
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happens in comparing the cross-sectional area of the copper used in Air / CU designs versus 

segmented copper designs (ks = 0.8) at 90°C and 60 Hz: 

 

FIGURE 6-21: Weight of Air / CU vs segmented CU (ks=0.8) 

This shows that there is one crossing point, around 1600 mm2 where the areas of 

the Air / CU and segmented copper are equal.  This is also the point the change in areas 

between the two designs goes from positive (i.e. Air / CU uses more copper) to negative 

(i.e. Air / CU uses less copper), and the Air / CU design is more cost effective.   

All of this becomes much more complicated when discussing enameled wires, due 

to the cost increase of the enamel.  Most often, the enameled conductor design is either 

initially less expensive and stays less expensive (cost increase of enamel ≤ 12%), or 

initially more expensive and stays more expensive (cost increase of enamel ≥ 22%).  

However, between 12% and 22% there can be strange behavior where it goes back and 

forth between cost effective and not cost effective.  First, FIGURE 6-22 shows an example 
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under the assumptions of 60 Hz and 90°C on an enameled conductor (i.e. ks = 0.35) using 

a cost of enamel price increase of 20% as compared to an Air / CU conductor: 

 

FIGURE 6-22: “Effective” weight of Air / CU vs enameled CU (ks=0.35) 

Because of the cost of the enameled wires, it is observed that initially the cost of a 

segmented copper conductor with enameled wires is more than a Air / CU conductor 

composed of all copper with equal AC resistance.  This is never the case when not using 

enameled wires.  However, in this case it starts off more expensive, then becomes less, and 

again becomes more.  The three sections can be thought of as (1) the initial cost of enamel 

being more expensive, (2) the barely optimal design of the Air / CU being more expensive, 

and (3) the optimal design of the Air / CU being less expensive.  The reason for the second 

region is that generally, as the conductor design area increases, so does the effectiveness 

of the Air / CU design.  However, since the core starts from all copper there is initially little 
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occurs between about 1000 mm2 to 2000 mm2.  In the final region a large section of the 

core is being replaced by air, and thus eventually the Air / CU conductor is more cost 

effective than the enameled copper conductor.  

When discussing the cost effectiveness of AL / CU conductors this becomes even 

more complicated.  They behave in a similar way as the Air / CU conductors, however now 

not only the “effective” weight of the enamel wires must be accounted for but also the 

“effective” weight of the aluminum.  Due to the two media being used the cost effective 

point shifts depending on the price ratio of copper to aluminum.  This has the interesting 

effect of introducing additional inflection points as shown in FIGURE 6-23 (assuming a 

copper to aluminum cost ratio of three times and 0% pricing increase for enameled wires): 
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FIGURE 6-23: “Effective” weight of AL / CU vs segmented CU (enamel = 0%) 

This shows that at three times multiple of the price of copper to aluminum (as is 

today) the segmented conductors with ks = 0.8 and 0.62 have cost effective solutions for 

AL / CU conductors.  These shift depending on the cost ratios, which are provided in the 

tables.  Whereas with Air / CU there was only a maximum of the change in “effective” 

weight as the effectiveness of the hollow air core became more apparent, replacing the air 

core with aluminum has a different effect.  As the copper core is replaced with aluminum 

at first the small area replaced is nearly negligible and the plot behaves almost as if it were 
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air.  However, as the AL / CU becomes more effective the “effective” weight begins to 

increase with the growing aluminum core.  Eventually, the increasingly large aluminum 

core becomes large enough that it makes up a large enough part of the total “effective” 

weight of the conductor and the change in “effective” weight versus a segmented conductor 

is only decreasing.  The effect of increasing the enameled wire cost adder to 30% is shown 

in FIGURE 6-24: 

 

FIGURE 6-24: “Effective” weight of AL / CU vs segmented CU (enamel = 30%) 
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Here it can be seen that at a 30% enamel cost adder the enamel conductor always 

has a larger “effective” weight and therefore cost.  To illustrate further with some unique 

scenarios a few more detailed examples are shown.  In the first example, the price ratios 

chosen are 0.4 and 1.  This means either the price of copper is 0.4 that of aluminum or 

equal.  Note that an equal price also means the “effective” weight is the actual weight, as 

there is no adjustment of the aluminum weight to be reflective of the price ratio.  Of course, 

this would be unexpected in reality, as the price of copper is roughly three times that of 

aluminum.  However, for illustrative purposes it shows important things on FIGURE 6-25 

(for 60 Hz, 90°C, and ks = 0.8): 

 

FIGURE 6-25: “Effective” weight of AL / CU vs segmented CU (ks=0.8) 

It is seen that the weight of AL / CU always starts higher than segmented copper.  

This is expected since more copper is required in a non-optimal conductor to have equal 
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exists and therefore the conductor is a single medium copper non-segmented conductor.  

At a price ratio of 0.4 the AL / CU design never becomes cost effective, and hence its 

“effective” weight is always above the segmented copper weight.  The even price ratio 

crosses around 1500 mm2. 

The final analysis of the cost effective ratio behavior is for enameled conductors 

compared to AL / CU conductors, using an enameling cost increase of 16%.  Like the 20% 

used for the Air / CU comparison, this range also produces unique results.  This is 

particularly true for the cost ratios of copper to aluminum of five and twenty times.  This 

is shown on FIGURE 6-26: 

 

FIGURE 6-26: “Effective” weight of AL / CU vs enameled CU (ks=0.35) 
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overshadowed by the cost of the enameled wires.  Then, as previously described, a smaller 

amount of aluminum comes into play in the equation, but has negligible effect and the 

curve decreases like in Air / CU.  However, once this amount of aluminum becomes more 

significant there is a second effect mirroring the first effect.  Depending on the cost increase 

of enameled wire and the copper to aluminum price ratio, this double effect could cause 

the “effective” weights to cross multiple times. 

Now the actual weights, broken up into copper and aluminum and not cost adjusted 

are compared.  FIGURE 6-27 shows the cross-sectional area and metal consumption 

required for Air / CU conductors to have the same AC resistance as compared to segmented 

CU operating at 90°C and 60 Hz, using a ks of 0.8: 

 

FIGURE 6-27: Areas and weights of Air / CU conductors (ks=0.8, 90°C, 60 Hz) 

The point at which the copper in the segmented and Air / CU conductors cross is 

also the point the Air / CU conductor becomes more cost effect, as less copper is being 
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FIGURE 6-28: Areas and weights of Air / CU conductors (ks=0.8, 105°C, 60 Hz) 

FIGURE 6-29 shows this for 90°C and 50 Hz: 

 

FIGURE 6-29: Areas and weights of Air / CU conductors (ks=0.8, 90°C, 50 Hz) 
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FIGURE 6-30 shows this for 105°C and 50 Hz: 

 

FIGURE 6-30: Areas and weights of Air / CU conductors (ks=0.8, 105°C, 50 Hz) 

FIGURE 6-31 shows this for 90°C and 60 Hz, using a ks of 0.62: 

 

FIGURE 6-31: Areas and weights of Air / CU conductors (ks=0.62, 90°C, 60 Hz) 
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FIGURE 6-32 shows this for 105°C and 60 Hz: 

 

FIGURE 6-32: Areas and weights of Air / CU conductors (ks=0.62, 105°C, 60 Hz) 

FIGURE 6-33 shows this for 90°C and 50 Hz: 

 

FIGURE 6-33: Areas and weights of Air / CU conductors (ks=0.62, 90°C, 50 Hz) 
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FIGURE 6-34 shows this for 105°C and 50 Hz: 

 

FIGURE 6-34: Areas and weights of Air / CU conductors (ks=0.62, 105°C, 50 Hz) 

FIGURE 6-35 shows this for 90°C and 60 Hz, using a ks of 0.435: 

 

FIGURE 6-35: Areas and weights of Air / CU conductors (ks=0.435, 90°C, 60 Hz) 
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It can be observed on these plots that there is no crossing of the segmented copper 

and Air / CU designs.  Therefore, there is no optimal design that is more cost effect than 

the segmented designs.  FIGURE 6-36 shows consumption for 105°C and 60 Hz: 

 

FIGURE 6-36: Areas and weights of Air / CU conductors (ks=0.435, 105°C, 60 Hz) 
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FIGURE 6-37 shows this for 90°C and 50 Hz: 

 

FIGURE 6-37: Areas and weights of Air / CU conductors (ks=0.435, 90°C, 50 Hz) 

FIGURE 6-38 shows this for 105°C and 50 Hz: 

 

FIGURE 6-38: Areas and weights of Air / CU conductors (ks=0.435, 105°C, 50 Hz) 
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FIGURE 6-39 shows this for 90°C and 60 Hz, using a ks of 0.35: 

 

FIGURE 6-39: Areas and weights of Air / CU conductors (ks=0.35, 90°C, 60 Hz) 
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FIGURE 6-40: Areas and weights of Air / CU conductors (ks=0.35, 105°C, 60 Hz) 

FIGURE 6-41 shows this for 90°C and 50 Hz: 

 

FIGURE 6-41: Areas and weights of Air / CU conductors (ks=0.35, 90°C, 50 Hz) 
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FIGURE 6-42 shows this for 105°C and 50 Hz: 

 

FIGURE 6-42: Areas and weights of Air / CU conductors (ks=0.35, 105°C, 50 Hz) 
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FIGURE 6-43: Areas and weights of AL / CU conductors (ks=0.8, 90°C, 60 Hz)  
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FIGURE 6-44: Areas and weights of AL / CU conductors (ks=0.8, 105°C, 60 Hz) 

FIGURE 6-45 shows this for 90°C and 50 Hz: 

 

FIGURE 6-45: Areas and weights of AL / CU conductors (ks=0.8, 90°C, 50 Hz) 
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FIGURE 6-46 shows this for 105°C and 50 Hz: 

 

FIGURE 6-46: Areas and weights of AL / CU conductors (ks=0.8, 105°C, 50 Hz) 

FIGURE 6-47 shows this for 90°C and 60 Hz, using a ks of 0.62: 

 

FIGURE 6-47: Areas and weights of AL / CU conductors (ks=0.62, 90°C, 60 Hz) 
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FIGURE 6-48 shows this for 105°C and 60 Hz: 

 

FIGURE 6-48: Areas and weights of AL / CU conductors (ks=0.62, 105°C, 60 Hz) 

FIGURE 6-49 shows this for 90°C and 50 Hz: 

 

FIGURE 6-49: Areas and weights of AL / CU conductors (ks=0.62, 90°C, 50 Hz) 
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FIGURE 6-50 shows this for 105°C and 50 Hz: 

 

FIGURE 6-50: Areas and weights of AL / CU conductors (ks=0.62, 105°C, 50 Hz) 

FIGURE 6-51 shows this for 90°C and 60 Hz, using a ks of 0.435: 

 

FIGURE 6-51: Areas and weights of AL / CU conductors (ks=0.435, 90°C, 60 Hz) 
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It can be observed on these plots that there is no crossing of the segmented copper 

and AL / CU designs.  Therefore, there is no optimal design that is more cost effect than 

the segmented designs.  FIGURE 6-52 shows this for 105°C and 60 Hz: 

 

FIGURE 6-52: Areas and weights of AL / CU conductors (ks=0.435, 105°C, 60 Hz) 
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FIGURE 6-53 shows this for 90°C and 50 Hz: 

 

FIGURE 6-53: Areas and weights of AL / CU conductors (ks=0.435, 90°C, 50 Hz) 

FIGURE 6-54 shows this for 105°C and 50 Hz: 

 

FIGURE 6-54: Areas and weights of AL / CU conductors (ks=0.435, 105°C, 50 Hz) 
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FIGURE 6-55 shows this for 90°C and 60 Hz, using a ks of 0.35: 

 

FIGURE 6-55: Areas and weights of AL / CU conductors (ks=0.35, 90°C, 60 Hz) 
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FIGURE 6-56: Areas and weights of AL / CU conductors (ks=0.35, 105°C, 60 Hz) 

FIGURE 6-57 shows this For 90°C and 50 Hz: 

 

FIGURE 6-57: Areas and weights of AL / CU conductors (ks=0.35, 90°C, 50 Hz) 
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FIGURE 6-58 shows this for 105°C and 50 Hz: 

 

FIGURE 6-58: Areas and weights of AL / CU conductors (ks=0.35, 105°C, 50 Hz) 
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aluminum has a density of 2.7 kg/m3, while the density of electrical grade copper is 8.93 

kg/m3.  Therefore, the weight of the aluminum and copper in a conductor is: 

𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝑟𝑟 = 2.7 ∙ 𝐴𝐴𝐴𝐴𝐿𝐿  ∙ 0.001 (131) 

𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝐴𝐴 = 8.93 ∙ 𝐴𝐴𝐴𝐴𝐶𝐶  ∙ 0.001  (132) 

Using these, the copper to aluminum cost ratio that produces the same cost for a 

segmented copper conductor of equal AC resistance to an AL / CU conductor is: 

$𝐶𝐶𝑆𝑆
$𝐴𝐴𝐼𝐼

=
𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝑟𝑟

𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴 −𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝐴𝐴
  (133) 

Note that on some “AL / CU” designs no aluminum is used (i.e. no optimal design 

or no AC resistance minimum exists).  This happens at both 50 and 60 Hz on nominal area 

800 mm2 conductors, and at 50 Hz on nominal area 1000 mm2 conductors.  In these cases 

the AL / CU conductor is never the most cost effective solution.  Furthermore, if the 

calculated cost ratio is negative then the AL / CU is also never the most cost effective 

solution.  The final possibility is that the cost ratio comes out to a real number.  In this case 

the meaning is that if the cost ratio of copper to aluminum is less than that number the AL 

/ CU is never cost effective, but if more than that number it is always cost effective.  If the 

cost ratio of copper to aluminum is exactly the same as the ratio the cost of the AL / CU 

and segmented conductor are exactly the same.  Note that this equation can also be used in 

the case of enameled copper wires.  In this case the cost of the enameled wires is 

incorporated as so: 

$𝐶𝐶𝑆𝑆
$𝐴𝐴𝐼𝐼

=
𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝑟𝑟

𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴 ∙ �1 + 𝐸𝐸𝐶𝐶𝐼𝐼%
100 � −𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝐴𝐴

 (134) 
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Finally, the weights can also be used to directly calculate the cost delta in Air / CU 

conductors.  The cost delta for the Air / Cu compared to the non-enameled segmented 

copper is: 

𝐶𝐶𝐷𝐷 = 100 𝑥𝑥 
𝑊𝑊𝐴𝐴𝛼𝛼𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝐴𝐴 −𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴

𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴
 (135) 

This is the percentage difference in price of the Air / CU conductor compared to a 

segmented copper conductor.  If compared to enameled copper, an added term for the cost 

of the enameling is used and the cost delta is: 

𝐶𝐶𝐷𝐷 = 100 𝑥𝑥 
𝑊𝑊𝐴𝐴𝛼𝛼𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝐴𝐴 −𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴 ∙ �1 + 𝐸𝐸𝐶𝐶𝐼𝐼%

100 �

𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴 ∙ �1 + 𝐸𝐸𝐶𝐶𝐼𝐼%
100 �

 (136) 

For the AL / CU designs the formula is almost the same, except the cost ratio of 

copper to aluminum must be used as well.  This is incorporated into the cost delta equation 

for non-enameled conductors as so: 

𝐶𝐶𝐷𝐷 = 100 𝑥𝑥 

𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝐴𝐴 +
𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝑟𝑟
$𝐶𝐶𝑆𝑆

$𝐴𝐴𝐼𝐼�
−𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴

𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴
 

(137) 

In the case where the segmented copper wires are enameled this becomes: 

𝐶𝐶𝐷𝐷 = 100 𝑥𝑥 

𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝐴𝐴 +
𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝑟𝑟
$𝐶𝐶𝑆𝑆

$𝐴𝐴𝐼𝐼�
−𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴 ∙ �1 + 𝐸𝐸𝐶𝐶𝐼𝐼%

100 �

𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴 ∙ �1 + 𝐸𝐸𝐶𝐶𝐼𝐼%
100 �

 (138) 

The resulting tables for Air / CU and AL / CU conductors having an equal AC 

resistance as the segmented non-enameled and enameled copper conductors are shown on 

TABLE 6-9 through TABLE 6-36: 
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The tables showing the cost effectiveness of bi-media conductors as compared to 

segmented conductors using enameled wires show that a bi-media conductor would never 

be the most cost effective solution if the price increase to enamel wires is 12% or less.  For 

Air / CU conductors the solution is always more cost effective if the price to enamel wires 

is 22% or greater.  Between 12% and 22% for Air / CU designs it depends on the price to 

enamel wires, and can go either way.  Similarly, the AL / CU conductors are never cost 

effective if the cost to enamel wires is 13% or less.  If the cost increase for the enamel is 

18% or higher than the cost effectiveness depends on the price ratio of copper to aluminum.  

Between 13% and 18% the cost effectiveness can vary between cross-sectional areas of the 

individual conductors. 

It is important to keep in mind that the outer radius of the bi-media design is 

increasing as the values of ks are decreasing (i.e. increasingly large cross-sectional areas of 

bi-media conductors are required to have the same AC resistance as the segmented copper 

conductors, whose AC resistance decreases with lower ks values), since the outer diameter 

affects additional aspects in the cost associated with a conductor.  The cost analysis in this 

dissertation is limited to material costs of the conductor (i.e. copper wire, aluminum wire, 

and enameling of copper wire), but the diameter of the conductor also affects the amount 

of materials used on cable layers above the conductor, and the final diameter of the cable 

affects shipping and installation costs.  Since the formula for estimating the compaction 

ratio of stranded conductors shown on FIGURE 6-17 only went up to maximum nominal 

cross-sectional area of 3000 mm2, for sizes larger than 3000 mm2 it is assumed that the 

compaction is held at 1.0271.  Using this approximate formula for stranded conductor radii 

in conjunction with the assumption of a fixed compaction ratio for conductor cross-
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sectional areas greater than 3000mm2, TABLE 6-37 through TABLE 6-40 were created to 

demonstrate the effect stranding the bi-media conductor has on the diameter.  This is then 

for comparison to the segmented copper conductor diameter of equal AC resistance it is 

intended to replace.  In TABLE 6-37 to TABLE 6-40 the cells are color coded red if the 

bi-media design is not cost effective compared to the segmented conductor design of equal 

AC resistance.  If the bi-media design is cost effective, then the cell is color coded either 

yellow or green.  Yellow indicates the radius of bi-media design is larger than the radius 

of the segmented conductor design of equal AC resistance.  In the case the cell is color 

coded green it means the bi-media design is both more cost effective than the segmented 

conductor design and has a smaller outer radius.  When a ks of 0.35 is used the cost to 

enamel the copper strands of the conductor determines whether or not the design is cost 

effective.  Therefore, TABLE 6-40 only has cells that are color coded yellow or green.  

TABLE 6-37 through TABLE 6-40 show the approximate stranded diameters calculated 

for the bi-media conductors compared to segmented copper conductors of equal AC 

resistance:
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At a fixed ks value, the diameter change for the four combinations of temperature 

and frequency is a similar value.  With this, TABLE 6-41 was created to summarize the 

average change in outer radius of the conductor when going from a segmented copper 

conductor to a bi-media design of the same AC resistance: 

 TABLE 6-41: Average Change in Radius for Stranded Segmented vs Bi-Media 

ID 
Nominal 

Area 
Change in Outer Radius 

ks = 0.8 ks = 0.62 ks = 0.435 ks = 0.35 
mm2 mm mm % 

Air Core 
1 800 -8.2% -6.6% -5.4% -4.9% 
2 1000 -3.5% -0.9% 1.4% 2.2% 
3 1200 -4.7% -1.4% 1.7% 2.9% 
4 1400 -4.2% 0.1% 4.3% 6.0% 
5 1600 -4.3% 1.0% 6.3% 8.4% 
6 2000 -1.7% 5.3% 13.1% 16.2% 
7 2500 -4.1% 3.6% 13.9% 19.4% 
8 3000 -5.3% 4.0% 16.7% 23.2% 

AL Core 
1 800 -8.2% -6.6% -5.4% -4.9% 
2 1000 -3.5% -0.9% 1.4% 2.2% 
3 1200 -4.7% -1.3% 1.8% 3.0% 
4 1400 -4.1% 0.4% 4.8% 6.6% 
5 1600 -3.9% 1.7% 7.4% 9.8% 
6 2000 -0.6% 7.2% 15.6% 19.1% 
7 2500 -2.1% 6.4% 18.9% 24.5% 
8 3000 -2.8% 8.6% 22.2% 29.3% 

This data can also be presented graphically, as shown in FIGURE 6-61: 
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FIGURE 6-59: Average Change in Radius for Stranded Segmented vs Bi-Media 

FIGURE 6-61 shows that for a ks of 0.8 any designs that is cost effective will have 

the additional benefit of having a smaller radius, and therefore additional material, 

transportation, and installation cost savings as well. 

6.4 Simplified Equations 

At this point it has been identified bi-media conductors are in certain cases more 

cost effective solutions than segmented copper conductors.  However, implementing the 

complicated Bessel functions for everyday calculations when sizing conductors requires 
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approximations.  This is done using polynomial equations to approximate the analytical 

solution over the frequency and temperature ranges applicable to power conductors.  For 

conductors larger than 1000 mm2 (when solid/stranded conductors switch to segmented 

conductors), hollow core conductors are not immediately more cost effective than 

segmented conductors.  This is because initially the AC resistance of an (approximately) 

solid/stranded conductor is being compared to a segmented conductor that immediately 

benefits from its design and achieves a reduction in AC resistance.  However, on large 

enough conductors the hollow core conductor can be the most cost effective design if 

optimized to its lowest AC resistance.  Although the solution for calculating AC resistance 

of hollow core conductors exists, this application range has been overlooked.  For the AL 

/ CU conductors the application range has not been explored.  In general, AL / CU have an 

earlier point at which they become cost effective as compared to Air / CU.  It should be 

noted however, that both have more cost effective ranges depending on the segmented 

empirical factor ks, in addition to operating temperature and frequency.  Further, it should 

be noted this factor is not as accurate to the true solution of skin effect in solid/stranded 

conductors when used for segmented conductors.  In the case of segmented conductors, 

there are many additional variables impacting the skin effect.  Some of the more significant 

characteristics are addressed by using different ks values, such as stranding lay direction, 

type of insulation on cables, and if the wires are enameled.  However, these still do not 

address other known design factors influencing the skin effect, such as number of segments 

and separating tape composition or even lack thereof in the construction.  Given the fact 

that a cost effective solution exists, a simpler way of formulating the optimal radii or area 

that minimizes AC resistance needs to be found.   
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It should be kept in mind that for the designs of Air / CU and AL / CU there are 

different optimal designs for 50 and 60 Hz, as well as 90°C and 105°C.  This means there 

are eight total simplified equations that are required for all combinations of media, 

frequencies, and temperatures.  Furthermore, there currently exists an analytical solution 

for Air / CU skin effect, as well as a good approximation technique.  However, an equation 

for skin effect in AL / CU conductors does not exist.  Therefore, this equation is formulated 

as a simplified polynomial as well.  In doing so, it is found the ranges of the Bessel function 

input argument that are ideal to minimize AC resistance differ from the existing ones used 

in the industry.  In the case of the approximation of skin effect in AL / CU conductors 

equations were used that mimicked those of the existing equations and input argument 

ranges as much as possible.  Specifically, the one equation that could be reused is the one 

using the lowest range of the Bessel function input argument.  This is because the lowest 

range does not change for bi-media conductors as they do not become an optimal choice 

by possessing an AC resistance lower than an all copper conductor until the conductor has 

reached a certain cross-sectional area.  However, whereas this range normally applies to 

input arguments up to 2.8 the new equations switch at 2.5.  The input argument is a function 

of frequency, temperature, and DC resistance.  It is also important that the equation be valid 

starting from a temperature of 20°C.  This is important because this is generally close to 

ambient temperature, and therefore the temperature at which testing is performed and/or 

the results are adjusted to.  The maximum possible temperature of 140°C used in short term 

emergency conditions on certain cable designs is also verified, although it is the lowest 

temperature that is associated with the first optimal cross-sectional area.  The 140°C is only 

applicable to medium voltage cables.  In high voltage, where such large conductor designs 
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would more expectedly be encountered, ratings are rarely above 105°C.  The Bessel 

function input argument calculated for existing simplified equations is dependent upon the 

cross-sectional area of the conductor (i.e. DC resistance).  Therefore, a small enough Bessel 

function input argument ending range of the first equation for calculating the increase in 

AC resistance must be chosen such that it corresponds to a cross-sectional area lower than 

when bi-media conductors become optimal.  This occurs at an input argument of 2.5, which 

is the reason the existing equation for calculating the increase in AC resistance for 

conductors with an input argument up to 2.8 can only be used up until an input argument 

of 2.5.  TABLE 6-42 demonstrates the first optimal bi-media cross-sectional areas for 

various temperature and frequencies, and hence the reason the application range of the first 

equation for calculating the increased AC resistance has been changed: 
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TABLE 6-42: Input argument cross-sectional area vs temperature 

Frequency Temperature Area 
Hz °C mm2 

Input Argument = 2.5 

50 

20 858 
90 673 
105 643 
140 583 

60 

20 715 
90 561 
105 536 
140 486 

Input Argument = 2.8 

50 

20 1076 
90 844 
105 806 
140 731 

60 

20 896 
90 703 
105 672 
140 609 

Alternatively, this information can be view graphically as shown in FIGURE 6-60: 

 

FIGURE 6-60: Input argument cross-sectional area vs temperature 
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The input argument was chosen at 2.5 because this corresponds to an 858 mm2 

copper conductor at 50 Hz and 20°C, which is the just before AL / CU conductor started 

to become an optimal design.  Recall that the Bessel function input argument is calculated 

as follows: 

𝑥𝑥𝑠𝑠 = �
𝑗𝑗𝜇𝜇
𝜋𝜋𝑅𝑅𝑑𝑑𝑒𝑒

𝑘𝑘𝑠𝑠 (139) 

The recommended ranges and equations, derived using a polynomial regression, 

are as follow: 

For xs ≤ 2.5 (same as existing equation used to xs ≤ 2.8): 

𝑦𝑦𝑠𝑠 =
𝑥𝑥𝑠𝑠4

192 + 0.8𝑥𝑥𝑠𝑠4
 (140) 

For 2.5 < xs < 2.7: 

𝑦𝑦𝑠𝑠 = 1.6172𝑥𝑥𝑠𝑠3 − 12.8131𝑥𝑥𝑠𝑠2 + 34.02𝑥𝑥𝑠𝑠 − 30.0615 (141) 

For xs ≥ 2.7: 

𝑦𝑦𝑠𝑠 = −0.01516𝑥𝑥𝑠𝑠3 + 0.20012𝑥𝑥𝑠𝑠2 − 0.57637𝑥𝑥𝑠𝑠 + 0.61188 (142) 

The error of these equations was checked over the entire ranges of frequencies from 

50-60 Hz, temperatures of 20-140°C, and cross-sectional areas up to 4000 mm2.  The error 

was found in all cases be at a maximum of 0.23% from the true solution calculated using 

the analytical equations.  The skin effect shown for 50 and 60 Hz and 90°C and 105°C in 

AL / CU conductors, compared to solid copper and segmented copper with a ks = 0.8 for 

reference are shown in FIGURE 6-61 through FIGURE 6-64: 



243 
 

 

 

 

FIGURE 6-61: Skin effect in bi-media conductors (90°C, 60 Hz) 

 

FIGURE 6-62: Skin effect in bi-media conductors (105°C, 60 Hz) 
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FIGURE 6-63: Skin effect in bi-media conductors (90°C, 50 Hz) 

 

FIGURE 6-64: Skin effect in bi-media conductors (105°C, 50 Hz) 
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It should be kept in mind that the skin effect is more representative of return on the 

cost of the media used, as opposed to maximum capacity (i.e. lowest AC resistance).  At 

an equally sized conductor, the DC resistance of a bi-media design is higher than a 

segmented copper design.  Therefore, the cost effectiveness results from comparison of the 

metals used. 

The next sets of simplified polynomial equations, again found using polynomial 

regression, define the cross-sectional area of the optimal conductor designs for Air / CU 

and AL / CU.  Meaning, for an Air / CU conductor, using the required copper cross-

sectional area as input the result is the cross-sectional area of the air core.  Using these two 

areas all the pertinent characteristics of the conductor can be calculated.  Namely, this 

includes inner/outer radii, DC resistance at any operating temperature, the skin effect 

coefficient, skin effect input argument, skin effect factor, and ultimately AC resistance at 

any operating temperature.  There are four separate equations, based on different operating 

temperature and frequency.  These are: 

For 60 Hz and 90°C: 

𝐴𝐴𝐴𝐴𝛼𝛼𝑟𝑟 = 1.25437919020408𝐸𝐸 − 18 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶6 − 1.84755691815890𝐸𝐸 − 14 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶5 + 

1.11503121142173𝐸𝐸 − 10 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶4 − 3.53299622659472𝐸𝐸 − 07 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶3 + 

9.69334930152081𝐸𝐸 − 04 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶2 − 1.08128498143403𝐸𝐸 + 00 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶 + 

3.77137798800870𝐸𝐸 + 02 

(143) 

For 60 Hz and 105°C: 

𝐴𝐴𝐴𝐴𝛼𝛼𝑟𝑟 = 1.19408108397020𝐸𝐸 − 18 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶6 − 1.79955215496484𝐸𝐸 − 14 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶5 + 

1.11208936700212𝐸𝐸 − 10 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶4 − 3.61123507833422𝐸𝐸 − 07 ∗ 𝐴𝐴𝐴𝐴3 + 
(144) 
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9.84156415836556𝐸𝐸 − 04 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶2 − 1.12578693992406𝐸𝐸 + 00 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶 + 

4.08342631132636 + 02 

For 50 Hz and 90°C: 

𝐴𝐴𝐴𝐴𝛼𝛼𝑟𝑟 = 1.07171713483463𝐸𝐸 − 18 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶6 − 1.73277688405018𝐸𝐸 − 14 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶5 + 

1.15091119088856𝐸𝐸 − 10 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶4 − 4.02462545808335𝐸𝐸 − 07 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶3 + 

1.07360354422799𝐸𝐸 − 03 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶2 − 1.31310441145641𝐸𝐸 + 00 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶 + 

5.33897142246036𝐸𝐸 + 02 

(145) 

For 50 Hz and 105°C: 

𝐴𝐴𝐴𝐴𝛼𝛼𝑟𝑟 = 1.07063579005418𝐸𝐸 − 18 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶6 − 1.76945120426135𝐸𝐸 − 14 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶5 + 

1.20191876945413𝐸𝐸 − 10 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶4 − 4.30018744773316𝐸𝐸 − 07 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶3 + 

1.13414127335248𝐸𝐸 − 03 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶2 − 1.41003447701232𝐸𝐸 + 00 ∗ 𝐴𝐴𝐴𝐴𝐶𝐶 + 

5.93785727623285𝐸𝐸 + 02 

(146) 

Sixth-order polynomial equations are used, each with fifteen point precision in 

scientific notation.  The error on these equations is initially higher and quickly drops to 

negligible on larger cross-sectional areas.  The error can potentially be larger on designs 

where the bi-media conductors just become optimal, and thus the cross-sectional area is 

extremely small.  It would be unlikely to design a conductor like this anyhow, since 

segmented copper conductors are more effective than bi-media conductors when first 

switching from a single medium to two media.  This is due to the fact the dual benefit of 

the lower AC resistance and cost savings in replacing copper with aluminum have not yet 

crossed an effective point.  The error associated with these equations as compared to results 

obtained with the analytical solution is shown on FIGURE 6-65: 
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FIGURE 6-65: Error in Air / CU area estimation 

As such, the recommended minimum value of each equation is also the starting 

point of the error plots, summarized on TABLE 6-43: 

TABLE 6-43: Minimum recommended area for AL / CU polynomial equations 

Frequency Temperature Area 
Hz °C mm2 

60 
90 995 
105 1030 

50 
90 1150 
105 1185 

Like the Air / CU polynomial equations, the AL / CU polynomial equations were 

found using polynomial regression.  Unlike the Air / CU equations where the input is the 

cross-sectional area of the copper, the AL / CU equations are setup such that the input is 

the total area of the conductor.  This is generally what is wanted, only for Air / CU the total 

metallic area is that of the copper alone.  So, for an AL / CU conductor, using the required 

total cross-sectional area as the input the result is the cross-sectional area of the aluminum 

core.  Using these two areas, again all the pertinent characteristics of the conductor can be 
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calculated.  In this case they include inner/outer radii, DC resistance at any operating 

temperature, skin effect input argument, skin effect factor, and ultimately AC resistance at 

any operating temperature.  Note in this case the skin effect coefficient ks is always one.  

The four separate equations, also based on different operating temperatures and frequencies 

are: 

For 60 Hz and 90°C: 

𝐴𝐴𝐴𝐴𝐿𝐿 = 2.27233034121657𝐸𝐸 − 19 ∗ 𝐴𝐴𝑇𝑇6 − 5.40220523439884𝐸𝐸 − 15 ∗ 𝐴𝐴𝑇𝑇5 + 

5.12826808869369𝐸𝐸 − 11 ∗ 𝐴𝐴𝑇𝑇4 − 2.46885753144709𝐸𝐸 − 07 ∗ 𝐴𝐴𝑇𝑇3 + 

6.51728141057046𝐸𝐸 − 04 ∗ 𝐴𝐴𝑇𝑇2 − 4.11885885752697𝐸𝐸 − 01 ∗ 𝐴𝐴𝑇𝑇 − 

2.95777588460297𝐸𝐸 + 01 

(147) 

For 60 Hz and 105°C: 

𝐴𝐴𝐴𝐴𝐿𝐿 = 2.31465023269955𝐸𝐸 − 19 ∗ 𝐴𝐴𝑇𝑇6 − 5.55869109798586𝐸𝐸 − 15 ∗ 𝐴𝐴𝑇𝑇5 + 

5.34582879602743𝐸𝐸 − 11 ∗ 𝐴𝐴𝑇𝑇4 − 2.61563735270292𝐸𝐸 − 07 ∗ 𝐴𝐴𝑇𝑇3 + 

7.01474911245554𝐸𝐸 − 04 ∗ 𝐴𝐴𝑇𝑇2 − 4.96583753625960𝐸𝐸 − 01 ∗ 𝐴𝐴𝑇𝑇 + 

4.08626114751126𝐸𝐸 + 00 

(148) 

For 50 Hz and 90°C: 

𝐴𝐴𝐴𝐴𝐿𝐿 = 2.44675579400316𝐸𝐸 − 19 ∗ 𝐴𝐴𝑇𝑇6 − 6.04590109451908𝐸𝐸 − 15 ∗ 𝐴𝐴𝑇𝑇5 + 

6.03170190079064𝐸𝐸 − 11 ∗ 𝐴𝐴𝑇𝑇4 − 3.09115255315304𝐸𝐸 − 07 ∗ 𝐴𝐴𝑇𝑇3 + 

8.69893069510596𝐸𝐸 − 04 ∗ 𝐴𝐴𝑇𝑇2 − 7.97855108191292𝐸𝐸 − 01 ∗ 𝐴𝐴𝑇𝑇 + 

1.40901102410344𝐸𝐸 + 02 

(149) 

For 50 Hz and 105°C: 
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𝐴𝐴𝐴𝐴𝐿𝐿 = 2.52383039735396𝐸𝐸 − 19 ∗ 𝐴𝐴𝑇𝑇6 − 6.28922567091373𝐸𝐸 − 15 ∗ 𝐴𝐴𝑇𝑇5 + 

6.34365358862712𝐸𝐸 − 11 ∗ 𝐴𝐴𝑇𝑇4 − 3.29729679547230𝐸𝐸 − 07 ∗ 𝐴𝐴𝑇𝑇3 + 

9.42277611614648𝐸𝐸 − 04 ∗ 𝐴𝐴𝑇𝑇2 − 9.28339573389156𝐸𝐸 − 01 ∗ 𝐴𝐴𝑇𝑇 + 

2.07521460458207𝐸𝐸 + 02 

(150) 

The error on these equations behaves exactly as those in the Air / CU designs, and 

for the same reason.  The error associated with these equations as compared to results 

obtained with the analytical solution are shown on FIGURE 6-66: 

 

FIGURE 6-66: Error in AL / CU area estimation 

As such, the recommended minimum value of each equation is also the starting 

point of the error plots, summarized on TABLE 6-44: 
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TABLE 6-44: Minimum recommended area for Air / CU polynomial equations 

Frequency Temperature Area 
Hz °C mm2 

60 
90 1040 
105 1085 

50 
90 1225 
105 1275 

6.5 Selection Methodology 

The selection of the most cost effective design is the most important factor in the 

design of the conductor in the industry.  As was seen on the tables, this depends on the 

price ratio of copper to aluminum.  Copper is generally is the vicinity of three times the 

cost of aluminum.  Therefore, a case study on the most cost effective design has been done 

using two, three, and four times multipliers.  The cost difference (delta) in materials for the 

bi-media design is compared to that of only copper, as used in segmented conductors.  

Because the Air / CU conductors have only copper, the multiplier of aluminum to copper 

is irrelevant.  On some of the smaller nominal cross-sectional area designs it can be 

observed that the AL / CU design has the same cost delta for two to four times.  The reason 

for this is that the design is not optimal, and therefore there is no aluminum in it.  Hence, 

as for the Air / CU conductors the cost delta is independent of the aluminum to copper 

multiplier.  The following tables have cells color coded red when the cost delta is greater 

than zero, or alternatively segmented is the most cost effective design.  This is the exact 

opposite when the cells are color coded green.  In some cells color coded green “Mixed” 

is seen to indicate the most cost effective design is that of a bi-media conductor, but could 

be Air / CU or AL / CU depending on the cost ratio of copper to aluminum.  Note that all 

these summarized points refer specifically to a two, three, or four times aluminum to copper 

multiplier in cost.  TABLE 6-45 through TABLE 6-60 summarizes the results of the most 
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cost effect design for each operating temperature, frequency, and ks value of the segmented 

conductor and bi-media designs of the same AC resistance: 

TABLE 6-45: Cost deltas of bi-media designs (60 Hz, 90°C, ks=0.8) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 5.1% 5.1% 5.1% 5.1% Segmented 
1000 6.4% 5.4% 5.2% 5.2% Segmented 
1200 4.9% 2.2% 1.8% 1.6% Segmented 
1400 2.1% -1.4% -2.2% -2.5% AL / CU 
1600 -1.1% -4.5% -5.5% -6.0% AL / CU 
2000 -7.7% -9.4% -10.8% -11.5% AL / CU 
2500 -15.0% -14.1% -15.8% -16.6% Mixed 
3000 -21.1% -17.7% -19.7% -20.6% Air / CU 

TABLE 6-46: Cost deltas of bi-media designs (60 Hz, 105°C, ks=0.8) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 4.7% 4.7% 4.7% 4.7% Segmented 
1000 6.6% 6.1% 6.0% 6.0% Segmented 
1200 5.5% 3.2% 2.9% 2.7% Segmented 
1400 3.0% -0.3% -1.0% -1.3% AL / CU 
1600 0.0% -3.5% -4.4% -4.9% AL / CU 
2000 -6.3% -8.5% -9.8% -10.5% AL / CU 
2500 -13.5% -13.1% -14.8% -15.6% Mixed 
3000 -19.8% -17.0% -18.9% -19.8% Mixed 
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TABLE 6-47: Cost deltas of bi-media designs (50 Hz, 90°C, ks=0.8) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 3.5% 3.5% 3.5% 3.5% Segmented 
1000 5.6% 5.6% 5.6% 5.6% Segmented 
1200 6.6% 5.9% 5.8% 5.7% Segmented 
1400 5.2% 2.8% 2.4% 2.2% Segmented 
1600 3.1% -0.2% -0.9% -1.2% AL / CU 
2000 -2.3% -5.5% -6.6% -7.2% AL / CU 
2500 -8.9% -10.2% -11.7% -12.4% AL / CU 
3000 -15.0% -14.1% -15.8% -16.6% Mixed 

TABLE 6-48: Cost deltas of bi-media designs (50 Hz, 105°C, ks=0.8) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 3.2% 3.2% 3.2% 3.2% Segmented 
1000 5.1% 5.1% 5.1% 5.1% Segmented 
1200 6.7% 6.5% 6.4% 6.4% Segmented 
1400 5.8% 3.8% 3.5% 3.3% Segmented 
1600 3.9% 0.8% 0.3% 0.0% AL / CU 
2000 -1.1% -4.5% -5.5% -6.0% AL / CU 
2500 -7.5% -9.3% -10.7% -11.4% AL / CU 
3000 -13.5% -13.1% -14.7% -15.6% Mixed 

TABLE 6-49: Cost deltas of bi-media designs (60 Hz, 90°C, ks=0.62) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 9.5% 9.5% 9.5% 9.5% Segmented 
1000 12.3% 10.5% 10.2% 10.1% Segmented 
1200 11.9% 8.5% 7.8% 7.5% Segmented 
1400 10.3% 6.4% 5.4% 4.8% Segmented 
1600 8.0% 5.0% 3.6% 2.9% Segmented 
2000 2.5% 2.7% 0.8% -0.1% Mixed 
2500 -4.3% 0.0% -2.3% -3.5% Air / CU 
3000 -10.6% -3.3% -6.0% -7.3% Air / CU 
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TABLE 6-50: Cost deltas of bi-media designs (60 Hz, 105°C, ks=0.62) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 8.7% 8.7% 8.7% 8.7% Segmented 
1000 12.2% 11.0% 10.8% 10.7% Segmented 
1200 12.2% 9.1% 8.6% 8.3% Segmented 
1400 10.9% 7.0% 6.0% 5.6% Segmented 
1600 8.9% 5.5% 4.2% 3.5% Segmented 
2000 3.8% 3.3% 1.5% 0.6% Segmented 
2500 -2.9% 0.7% -1.6% -2.8% Air / CU 
3000 -9.0% -2.4% -5.0% -6.2% Air / CU 

TABLE 6-51: Cost deltas of bi-media designs (50 Hz, 90°C, ks=0.62) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 6.5% 6.5% 6.5% 6.5% Segmented 
1000 10.5% 10.5% 10.5% 10.5% Segmented 
1200 12.3% 10.8% 10.6% 10.5% Segmented 
1400 12.1% 8.8% 8.3% 8.0% Segmented 
1600 10.9% 7.1% 6.1% 5.7% Segmented 
2000 7.1% 4.6% 3.1% 2.3% Segmented 
2500 1.3% 2.3% 0.3% -0.7% Mixed 
3000 -4.3% 0.0% -2.3% -3.5% Air / CU 

TABLE 6-52: Cost deltas of bi-media designs (50 Hz, 105°C, ks=0.62) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 5.9% 5.9% 5.9% 5.9% Segmented 
1000 9.6% 9.6% 9.6% 9.6% Segmented 
1200 12.1% 11.3% 11.1% 11.1% Segmented 
1400 12.3% 9.5% 9.0% 8.8% Segmented 
1600 11.4% 7.7% 6.8% 6.4% Segmented 
2000 8.1% 5.0% 3.6% 2.9% Segmented 
2500 2.6% 2.8% 0.9% -0.1% Mixed 
3000 -2.8% 0.7% -1.6% -2.7% Air / CU 
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As is next shown on TABLE 6-53 to TABLE 6-56, a ks of 0.435 has no cost 

effective solution versus segmented copper.  However, it is still interesting to see the 

increased cost over segmented copper of such designs.  For example, construction of a 

segmented copper conductor may not be possible depending on available equipment or 

weight limitations.  Additionally, segmented copper has the additional cost of twisting the 

segments together, which is a costly operation.  Such cost deltas are beneficial here in 

evaluating the possibility of constructing a conductor design more costly in terms of raw 

materials, but potentially less costly in terms of total construction.   

TABLE 6-53: Cost deltas of bi-media designs (60 Hz, 90°C, ks=0.435) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 13.4% 13.4% 13.4% 13.4% Segmented 
1000 17.6% 15.1% 14.7% 14.5% Segmented 
1200 18.5% 14.5% 13.6% 13.2% Segmented 
1400 18.4% 14.7% 13.3% 12.6% Segmented 
1600 17.6% 15.7% 13.8% 12.9% Segmented 
2000 14.5% 18.2% 15.6% 14.3% Segmented 
2500 9.5% 19.0% 15.7% 14.0% Segmented 
3000 4.0% 17.1% 13.2% 11.3% Segmented 
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TABLE 6-54: Cost deltas of bi-media designs (60 Hz, 105°C, ks=0.435) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 12.1% 12.1% 12.1% 12.1% Segmented 
1000 17.1% 15.3% 15.0% 14.9% Segmented 
1200 18.3% 14.6% 13.9% 13.6% Segmented 
1400 18.6% 14.5% 13.3% 12.7% Segmented 
1600 18.0% 15.3% 13.6% 12.7% Segmented 
2000 15.3% 17.7% 15.3% 14.0% Segmented 
2500 10.6% 19.1% 15.9% 14.3% Segmented 
3000 5.4% 17.7% 14.0% 12.1% Segmented 

TABLE 6-55: Cost deltas of bi-media designs (50 Hz, 90°C, ks=0.435) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 8.9% 8.9% 8.9% 8.9% Segmented 
1000 14.8% 14.8% 14.8% 14.8% Segmented 
1200 17.3% 15.2% 14.9% 14.7% Segmented 
1400 18.4% 14.6% 13.8% 13.4% Segmented 
1600 18.6% 14.5% 13.3% 12.7% Segmented 
2000 17.2% 16.2% 14.2% 13.2% Segmented 
2500 13.7% 18.6% 15.8% 14.4% Segmented 
3000 9.5% 19.0% 15.7% 14.0% Segmented 

TABLE 6-56: Cost deltas of bi-media designs (50 Hz, 105°C, ks=0.435) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 8.1% 8.1% 8.1% 8.1% Segmented 
1000 13.4% 13.4% 13.4% 13.4% Segmented 
1200 16.8% 15.4% 15.2% 15.1% Segmented 
1400 18.2% 14.7% 14.1% 13.8% Segmented 
1600 18.6% 14.5% 13.4% 12.9% Segmented 
2000 17.6% 15.7% 13.9% 12.9% Segmented 
2500 14.6% 18.2% 15.6% 14.3% Segmented 
3000 10.6% 19.1% 15.9% 14.3% Segmented 
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TABLE 6-57 to TABLE 6-60 represents enameled copper wires, as a ks of 0.35 is 

used.  For this a price increase of 15% was assumed over the cost of bare copper wire, 

which is what it currently is since the cost increase of enameled wire is 30% and 50% of 

strands are enameled). 

TABLE 6-57: Cost deltas of bi-media designs (60 Hz, 90°C, ks=0.35) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 0.0% 0.0% 0.0% 0.0% Mixed 
1000 4.1% 1.7% 1.3% 1.1% Segmented 
1200 5.4% 1.7% 0.9% 0.5% Segmented 
1400 6.0% 2.8% 1.5% 0.8% Segmented 
1600 5.9% 4.8% 3.0% 2.1% Segmented 
2000 4.4% 9.3% 6.7% 5.4% Segmented 
2500 1.3% 12.0% 8.6% 6.9% Segmented 
3000 -2.5% 11.7% 7.7% 5.7% Air / CU 

TABLE 6-58: Cost deltas of bi-media designs (60 Hz, 105°C, ks=0.35) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 -1.3% -1.3% -1.3% -1.3% Mixed 
1000 3.6% 1.7% 1.5% 1.3% Segmented 
1200 5.1% 1.7% 1.0% 0.6% Segmented 
1400 5.9% 2.4% 1.2% 0.6% Segmented 
1600 6.0% 4.0% 2.4% 1.6% Segmented 
2000 4.8% 8.4% 6.0% 4.7% Segmented 
2500 2.0% 11.7% 8.4% 6.8% Segmented 
3000 -1.5% 12.0% 8.1% 6.2% Air / CU 
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TABLE 6-59: Cost deltas of bi-media designs (50 Hz, 90°C, ks=0.35) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 -4.4% -4.4% -4.4% -4.4% Mixed 
1000 1.4% 1.3% 1.3% 1.3% Segmented 
1200 3.8% 1.7% 1.4% 1.3% Segmented 
1400 5.2% 1.7% 0.9% 0.6% Segmented 
1600 5.9% 2.4% 1.2% 0.6% Segmented 
2000 5.7% 5.7% 3.7% 2.7% Segmented 
2500 4.0% 10.0% 7.2% 5.9% Segmented 
3000 1.3% 12.0% 8.6% 6.9% Segmented 

TABLE 6-60: Cost deltas of bi-media designs (50 Hz, 105°C, ks=0.35) 

Nominal 
Area 

Cost Delta (%) Most Cost 
Effective 
Design 

Air / 
CU 

AL / CU 
mm2 $Cu/$Al = 2X $Cu/$Al = 3X $Cu/$Al = 4X 
800 -5.2% -5.2% -5.2% -5.2% Mixed 
1000 0.0% 0.0% 0.0% 0.0% Mixed 
1200 3.2% 1.8% 1.5% 1.4% Segmented 
1400 4.9% 1.7% 1.0% 0.7% Segmented 
1600 5.7% 2.0% 1.0% 0.5% Segmented 
2000 5.9% 4.8% 3.0% 2.1% Segmented 
2500 4.4% 9.2% 6.6% 5.3% Segmented 
3000 2.0% 11.7% 8.4% 6.8% Segmented 

TABLE 6-61 summarizes all of the preceding tables.  In TABLE 6-61 some cells 

color coded yellow.  In this case segmented or a bi-media conductor may be most cost 

effective, depending on the operating temperature and frequency.  When “Mixed” is seen 

it indicates the most cost effective design is that of a bi-media conductor, but it may 

be either Air / CU or AL / CU depending on temperature and frequency.   
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TABLE 6-61: Cost deltas summary table 

Nominal 
Area Most Cost Effective Design 

mm2 ks = 0.8 ks = 0.62 ks = 0.435 ks = 0.35 
800 Segmented Segmented Segmented Mixed 
1000 Segmented Segmented Segmented Segmented 
1200 Segmented Segmented Segmented Segmented 
1400 AL / CU Segmented Segmented Segmented 
1600 AL / CU Segmented Segmented Segmented 
2000 AL / CU Mixed Segmented Segmented 
2500 Mixed Mixed Segmented Segmented 
3000 Mixed Air / CU Segmented Mixed 

From this it can be observed that generally bi-media conductors have an application 

range that becomes viable at a certain cross-sectional area.  Additionally, the range when 

this happens is higher the lower the ks value.  It is also interesting that due to the large 

expense of enameled copper wires, enameled segmented conductors are never the most 

economical.  Note that there is also the question of practical constructability that varies 

between the capabilities of different manufacturers.  These tables indicate what design is 

most cost effective, but the individual manufacturer has to be able to implement it. 

To demonstrate the simple usage of designing a bi-media conductor an example is 

now presented.  First, what would be the AC resistance at a full operating temperature of 

105°C of optimally designed nominal cross-sectional area 2000 mm2 bi-media conductors 

(i.e. designs that minimize AC resistance) at 50 Hz?  Since standardized tables have been 

presented the cross-sectional areas, DC resistance at 20°C, and radii can all be directly 

looked up.  However, this is done as an example using the equations to demonstrate the 

process.  This process applies to any sized conductor, but by using a standardized value the 

accuracy can be checked versus a known and already tabulated solution found using the 

analytical equations derived for bi-media.  Note that due to the error of the polynomial 
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equations results differ from table values very slightly.  Recall that the true area calculated 

based on DC resistance of a nominal 2000 mm2 conductor is 1915.7 mm2.  Using this first 

in the equation of the Air / CU conductor at 105°C and 50 Hz to get the area of the air core 

yields: 

𝐴𝐴𝐴𝐴𝛼𝛼𝑟𝑟 = 1.07063579005418𝐸𝐸 − 18 ∗ (1915.7)6 − 1.76945120426135𝐸𝐸 − 14 ∗ (1915.7)5 + 

1.20191876945413𝐸𝐸 − 10 ∗ (1915.7)4 − 4.30018744773316𝐸𝐸 − 07 ∗ (1915.7)3 + 

1.13414127335248𝐸𝐸 − 03 ∗ (1915.7)2 − 1.41003447701232𝐸𝐸 + 00 ∗ (1915.7) + 

5.93785727623285𝐸𝐸 + 02 = 246.71 𝑉𝑉𝑉𝑉2 

(151) 

Using the areas, the solid conductor radii can be calculated as: 

𝑟𝑟1 = �𝐴𝐴𝐴𝐴𝐿𝐿𝑟𝑟
𝜋𝜋 = �246.71

𝜋𝜋 = 8.86 𝑉𝑉𝑉𝑉 (152) 

𝑟𝑟2 = �𝐴𝐴𝐴𝐴𝐿𝐿𝑟𝑟 +𝐴𝐴𝐶𝐶𝐶𝐶
𝜋𝜋 = �246.71 + 1915.7

𝜋𝜋 = 26.24 𝑉𝑉𝑉𝑉 (153) 

Using the copper area the DC resistance of the conductor at 20°C is: 

𝑅𝑅0 =
𝜌𝜌𝐿𝐿
𝐴𝐴𝐴𝐴𝐶𝐶

=
1.7241𝑥𝑥10−8𝑥𝑥1

1915.7𝑥𝑥10−6
= 9𝑥𝑥10−6 𝑉𝑉ℎ𝑉𝑉/𝑉𝑉 (154) 

Therefore, the DC resistance of the conductor 105°C is: 

𝑅𝑅𝑑𝑑𝑒𝑒 = 𝑅𝑅0[1 + 𝛼𝛼20(𝜃𝜃 − 20)] = 𝑅𝑅0[1 + 0.00393(105 − 20)] 

= 1.2006𝑥𝑥10−5 𝑉𝑉ℎ𝑉𝑉/𝑉𝑉 
(155) 

The skin effect coefficient for this conductor is: 

𝑘𝑘𝑠𝑠 = �
𝑑𝑑𝑒𝑒′ − 𝑑𝑑𝛼𝛼
𝑑𝑑𝑒𝑒′ + 𝑑𝑑𝛼𝛼

� �
𝑑𝑑𝑒𝑒′ + 2𝑑𝑑𝛼𝛼
𝑑𝑑𝑒𝑒′ + 𝑑𝑑𝛼𝛼

�
2

= (156) 
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�
2 ∗ 26.24 − 2 ∗ 8.86
2 ∗ 26.24 + 2 ∗ 8.86� �

2 ∗ 26.24 + 2 ∗ 2 ∗ 8.86
2 ∗ 26.24 + 2 ∗ 8.86 �

2

= 0.7767 

The Bessel input argument is: 

𝑥𝑥𝑠𝑠 = �
8𝜋𝜋𝑆𝑆
𝑅𝑅𝑑𝑑𝑒𝑒

10−7𝑘𝑘𝑠𝑠 = � 8𝜋𝜋 ∙ 50
1.2006𝑥𝑥10−5

10−7 ∙ 0.7767 = 2.851 (157) 

Since 2.8 < xs ≤ 3.8: 

𝑦𝑦𝑠𝑠 = −0.136 − 0.0177𝑥𝑥𝑠𝑠 + 0.0563𝑥𝑥𝑠𝑠2 = 

−0.136 − 0.0177 ∙ 2.851 + 0.0563 ∙ (2.851)2 = 0.271 
(158) 

And therefore the AC resistance at 105°C is: 

𝑅𝑅𝑎𝑎𝑒𝑒 = 𝑅𝑅𝑑𝑑𝑒𝑒�1 + 𝑦𝑦𝑠𝑠 + 𝑦𝑦𝑝𝑝� = 1.2006𝑥𝑥10−5(1 + 0.271 + 0) 

= 1.526𝑥𝑥10−5 𝑉𝑉ℎ𝑉𝑉/𝑉𝑉 
(159) 

Note that the proximity effect is ignored here, and thus proximity effect factor is 

zero.  This nearly identical method is also followed for the AL / CU conductor.  At 105°C 

and 50 Hz to get the area of the aluminum core: 

𝐴𝐴𝐴𝐴𝐿𝐿 = 2.52383039735396𝐸𝐸 − 19 ∗ (1915.7)6 − 6.28922567091373𝐸𝐸 − 15 ∗ (1915.7)5 + 

6.34365358862712𝐸𝐸 − 11 ∗ (1915.7)4 − 3.29729679547230𝐸𝐸 − 07 ∗ (1915.7)3 + 

9.42277611614648𝐸𝐸 − 04 ∗ (1915.7)2 − 9.28339573389156𝐸𝐸 − 01 ∗ (1915.7) + 

2.07521460458207𝐸𝐸 + 02 = 273.61 𝑉𝑉𝑉𝑉2 

(160) 

In this case the copper area is: 

𝐴𝐴𝐴𝐴𝐶𝐶 = 𝐴𝐴𝑇𝑇 − 𝐴𝐴𝐴𝐴𝐿𝐿 = 1915.7 − 273.61 = 1642.1 𝑉𝑉𝑉𝑉2 (161) 
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It can be seen that in both cases of the Air / CU and AL / CU the total cross-sectional 

area of the conductor is 1915.7 mm2, which corresponds to the true area of a nominal 2000 

mm2 conductor.  Using the areas, the solid conductor radii can be calculated as: 

𝑟𝑟1 = �𝐴𝐴𝐴𝐴𝐿𝐿
𝜋𝜋 = �273.61

𝜋𝜋 = 9.33 𝑉𝑉𝑉𝑉 (162) 

𝑟𝑟2 = �𝐴𝐴𝐴𝐴𝐿𝐿 +𝐴𝐴𝐶𝐶𝐶𝐶
𝜋𝜋 = �273.61 + 1642.1

𝜋𝜋 = 24.69 𝑉𝑉𝑉𝑉 (163) 

Using the copper area the copper DC resistance of the conductor at 20°C is: 

𝑅𝑅02 =
𝜌𝜌𝐿𝐿
𝐴𝐴𝐴𝐴𝐶𝐶

=
1.7241𝑥𝑥10−8𝑥𝑥1

1642.1𝑥𝑥10−6
= 1.0499𝑥𝑥10−5 𝑉𝑉ℎ𝑉𝑉/𝑉𝑉 (164) 

Therefore, the copper DC resistance of the conductor 105°C is: 

𝑅𝑅𝑑𝑑𝑒𝑒2 = 𝑅𝑅02[1 + 𝛼𝛼20(𝜃𝜃 − 20)] = 𝑅𝑅0[1 + 0.00393(105 − 20)] 

= 1.4007𝑥𝑥10−5 𝑉𝑉ℎ𝑉𝑉/𝑉𝑉 
(165) 

Using the aluminum area the aluminum DC resistance of the conductor at 20°C is: 

𝑅𝑅01 =
𝜌𝜌𝐿𝐿
𝐴𝐴𝐴𝐴𝐿𝐿

=
2.8264𝑥𝑥10−8𝑥𝑥1

273.61𝑥𝑥10−6
= 1.033𝑥𝑥10−4 𝑉𝑉ℎ𝑉𝑉/𝑉𝑉 (166) 

Therefore, the aluminum DC resistance of the conductor 105°C is: 

𝑅𝑅𝑑𝑑𝑒𝑒1 = 𝑅𝑅01[1 + 𝛼𝛼20(𝜃𝜃 − 20)] = 𝑅𝑅0[1 + 0.00403(105 − 20)] 

= 1.3869𝑥𝑥10−4 𝑉𝑉ℎ𝑉𝑉/𝑉𝑉 
(167) 

Therefore, the total conductor DC resistance at 105°C is: 

𝑅𝑅𝑑𝑑𝑒𝑒 =
1

1
𝑅𝑅𝑑𝑑𝑒𝑒1

+ 1
𝑅𝑅𝑑𝑑𝑒𝑒2

= 1.2722𝑥𝑥10−5 𝑉𝑉ℎ𝑉𝑉/𝑉𝑉 (168) 
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The skin effect coefficient for the AL / CU conductor is always one.  Therefore, the 

Bessel input argument is: 

𝑥𝑥𝑠𝑠 = �
8𝜋𝜋𝑆𝑆
𝑅𝑅𝑑𝑑𝑒𝑒

10−7𝑘𝑘𝑠𝑠 = � 8𝜋𝜋 ∙ 50
1.2722𝑥𝑥10−5

10−7 ∙ 1 = 3.1429 (169) 

Using the newly derived skin effect factor equations, for xs ≥ 2.7: 

𝑦𝑦𝑠𝑠 = −0.01516𝑥𝑥𝑠𝑠3 + 0.20012𝑥𝑥𝑠𝑠2 − 0.57637𝑥𝑥𝑠𝑠 + 0.61188 

= −0.01516 ∙ (3.1429)3 + 0.20012 ∙ (3.1429)2 − 

0.57637 ∙ (3.1429) + 0.61188 = 0.3065 

(170) 

And therefore the AC resistance at 105°C is: 

𝑅𝑅𝑎𝑎𝑒𝑒 = 𝑅𝑅𝑑𝑑𝑒𝑒�1 + 𝑦𝑦𝑠𝑠 + 𝑦𝑦𝑝𝑝� = 1.2722𝑥𝑥10−5(1 + 0.3065 + 0) 

= 1.6621𝑥𝑥10−5 𝑉𝑉ℎ𝑉𝑉/𝑉𝑉 
(171) 

Thus, at 50 Hz and 105°C the Air / CU conductor has a lower resistance and 

therefore higher ampacity than the AL / CU conductor.  However, the total cross-sectional 

areas in both designs is the same.  This means that the AL / CU conductor always must be 

less expensive, assuming the cost of copper is more than aluminum.  Therefore, cost 

effectiveness this does not tell the whole story.  This is also why the tables were generated 

for bi-media conductors with equal AC resistance to segmented conductors for all skin 

effect coefficients influencing their AC resistance.  This allows for a true apples to apples 

comparison in terms of material costs. 

To implement this the easiest way is to setup the equations in either a spreadsheet 

(e.g. Microsoft® Excel) or a programming software (e.g. MATLAB).  After calculating 

the AC resistance of the segmented copper conductor following the methods of the industry 
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standards, an iterative approach can be used to programmatically find the correct cross-

sectional area of the copper in the Air / CU conductors or total area required in the AL / 

CU conductors.  Excel even has a goal seek function built in for this commonly sought 

after approach.  In this case one would goal seek the desired AC resistance (i.e. that of the 

segmented copper conductor) by changing either the area of the copper in the Air / CU 

conductors or total area required in the AL / CU conductors.  These were the values used 

as inputs in the example solved above, but by iteratively changing this input a desired 

output can be achieved instead. 

A second example is now presented using this iterative technique to find the most 

cost effective design, and possible replacement of a 2500 mm2 segmented copper 

conductor.  It is assumed here that any non-standardized sized conductor is acceptable for 

the design.  It is further assumed the segmented conductor is bi-directionally stranded and 

operating at 90°C and 60 Hz.  First is to find the AC resistance of the segmented copper 

conductor.  The DC resistance at 20°C is already provided in the standards [92], therefore 

the DC resistance of the conductor 90°C is: 

𝑅𝑅𝑑𝑑𝑒𝑒 = 𝑅𝑅0[1 + 𝛼𝛼20(𝜃𝜃 − 20)] = 7.2𝑥𝑥10−6[1 + 0.00393(90 − 20)] 

= 9.1807𝑥𝑥10−6 𝑉𝑉ℎ𝑉𝑉/𝑉𝑉 
(172) 

The skin effect coefficient provided in the standards for this design is ks = 0.8 [15].  

Therefore, the Bessel input argument is: 

𝑥𝑥𝑠𝑠 = �
8𝜋𝜋𝑆𝑆
𝑅𝑅𝑑𝑑𝑒𝑒

10−7𝑘𝑘𝑠𝑠 = � 8𝜋𝜋 ∙ 60
9.1807𝑥𝑥10−6

10−7 ∙ 0.8 = 3.625 (173) 

Since 2.8 < xs ≤ 3.8: 
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𝑦𝑦𝑠𝑠 = −0.136 − 0.0177𝑥𝑥𝑠𝑠 + 0.0563𝑥𝑥𝑠𝑠2 = 

−0.136 − 0.0177 ∙ 3.625 + 0.0563 ∙ (3.625)2 = 0.54 
(174) 

And therefore the AC resistance at 90°C is: 

𝑅𝑅𝑎𝑎𝑒𝑒 = 𝑅𝑅𝑑𝑑𝑒𝑒�1 + 𝑦𝑦𝑠𝑠 + 𝑦𝑦𝑝𝑝� = 9.1807𝑥𝑥10−6(1 + 0.54 + 0) = 1.4135𝑥𝑥10−5 (175) 

To match this AC resistance, the iterative method described above was 

implemented simply in Microsoft® Excel.  This resulted in a cross-sectional area of 567.9 

/ 2032.6 mm2 for the Air / CU design and 814.1 / 1937 mm2 for the AL / CU design.  Note 

that these vary from the table values found using the analytical solution by 0.05% to 0.53%, 

which by the time the AC resistance is calculated the error range is only 0.06% to 0.14%.  

Therefore, the polynomial approximations are very accurate.  In order to compare the cost 

effectiveness the weights of the materials need to be calculated.  Therefore, metal weight 

of the copper used in the segmented copper conductor is (recalling the true area of a 

nominal 2500 mm2 copper conductor is 2394.6 mm2): 

𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴 = 8.93 ∙ 2394.6 ∙ 0.001 = 21.38 𝑘𝑘𝐼𝐼/𝑉𝑉  (176) 

The metal weight of the copper used in the Air / CU conductor is: 

𝑊𝑊𝐴𝐴𝛼𝛼𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝐴𝐴 = 8.93 ∙ 2032.6 ∙ 0.001 = 18.15 𝑘𝑘𝐼𝐼/𝑉𝑉  (177) 

The metal weights of the aluminum and copper used in the AL / CU conductor is: 

𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝑟𝑟 = 2.7 ∙ 814.1 ∙ 0.001 = 2.2 𝑘𝑘𝐼𝐼/𝑉𝑉  (178) 

𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝐴𝐴 = 8.93 ∙ 1937 ∙ 0.001 = 17.3 𝑘𝑘𝐼𝐼/𝑉𝑉  (179) 

From these results it can be immediately seen that both bi-media designs have less 

copper and therefore a lower weight of copper material usage.  Therefore, the Air / CU 
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conductor must always be less expensive than the segmented copper conductor.  The cost 

effectiveness of the AL / CU conductor depends on the price ratio of copper to aluminum.  

The weight of the copper in the AL / CU design is less than that of the segmented copper 

conductor, so the only way the segmented conductor could be more cost effective is if the 

price of aluminum were more than that of copper.  The cost ratio can be found using the 

weights of the materials, but these are also provided on the tables detailing the replacement 

of segmented copper conductors with bi-media conductors of equal AC resistance.  The 

calculation of the ratio where the material price of the segmented copper and AL / CU 

conductor is equal is shown here: 

$𝐶𝐶𝑆𝑆
$𝐴𝐴𝐼𝐼

=
𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝑟𝑟

𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴 −𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝐴𝐴
=

2.2
21.38 − 17.3

= 0.5392  (180) 

Assuming a price ratio of three, which is closest to present day pricing, the cost 

deltas calculated next.  The cost delta for the Air / Cu compared to the all segmented copper 

is: 

𝐶𝐶𝐷𝐷 = 100 𝑥𝑥 
𝑊𝑊𝐴𝐴𝛼𝛼𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝐴𝐴 −𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴

𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴
=

18.15 − 21.38
21.38

= −15.1% (181) 

Thus, the Air / CU design uses 15.1% less copper than the segmented copper design 

and is therefore -15.1% less expensive in terms of materials.  Finally, the AL / CU 

conductor cost delta compared to the all segmented copper is: 

𝐶𝐶𝐷𝐷 = 100 𝑥𝑥 

𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝐴𝐴 +
𝑊𝑊𝐴𝐴𝑟𝑟𝐴𝐴𝐴𝐴_𝐴𝐴𝑟𝑟
$𝐶𝐶𝑆𝑆

$𝐴𝐴𝐼𝐼�
−𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴

𝑊𝑊𝑆𝑆_𝐴𝐴𝐴𝐴
=

17.3 + 2.2
3 − 21.38

21.38
= −15.7% 

(182) 
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Thus, the AL / CU design is 15.7% less expensive in terms of materials.  Therefore, 

overall the most cost effect choice for a conductor operating at 60 Hz and 90°C is the AL 

/ CU conductor design. 

 



 
 

 

 
 
 
 
 
 

CHAPTER 7:  CONCLUSIONS 
 
 

7.1 Overview 

This chapter concludes the dissertation.  It begins with a recap of the major 

contributions that were made within this document.  There is also some commentary on 

these contributions, for example about their accuracy, assumption or range of applicability.  

The chapter is concluded with a look ahead through the doors that have been opened up as 

a result of the contributions made.  Some recommendations for future work are proposed, 

for the vision of where this author sees developments within the realm of large power 

conductors.  However, it should always be kept in mind that the theory of bi-media 

conductors holds true across the entire gamut of frequencies.  Therefore, endless 

possibilities may open up as other technologies improve.  For example, high frequencies 

are used in technologies such as radio and communications, but more of an overdesign 

approach is taken due to limitations in manufacturing (e.g. plating).  However, as 

technology and manufacturing evolve the theory holds true and allows for minimizing 

waste by optimizing designs at all frequencies, relative to the properties of the materials 

used. 

7.2 Summary of Contributions 

The major contribution of this research was the development of the bi-media 

conductor AC resistance model.  Although focused on large power conductors, this theory 

is true for all frequencies provided that the assumptions described throughout the 
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dissertation are maintained.  Namely, the material is assumed to be linear, isotropic, 

homogeneous, isothermal and non-ferrous.  Furthermore, as the solution can only be 

derived in cylindrical coordinates the shape must be round.  The solution was derived for 

skin effect, and therefore also AC resistance and inductance of a round bi-media conductor 

carrying AC current.  The analytical solution was derived using current density.  The 

presented solution transcends the three major categories of research in skin effect:  design, 

measurement, and approximation.  The design goal was achieved by formulation of the 

closed-form mathematical solution for calculating skin effect in bi-media conductors, and 

the analysis into their optimization through the minima of their AC resistance.  Whereas 

this design does exists there was no theory available for calculating skin effect for it.  

Furthermore, there was no study into the optimization of such designs and the AL / CU 

conductor design was optimized such that it minimizes AC resistance.  The design for the 

Air / CU conductor had an existing solution, which is a specific case of the more general 

solution used in the AL / CU conductor.  This solution, in general, is applicable to any two 

media so long as they meet the assumptions listed above.  Although the Air / CU solution 

did exist, it also did not have a study into the analysis of optimizing the conductor based 

on the minima of the AC resistance. 

For the measurement aspect of the contribution two samples were made:  a solid 

conductor and a stranded conductor.  Measurements have been made in the past on solid 

metal, stranded metal, and Air / CU designs.  All have confirmed the existing theory of 

skin effect in such conductors.  The measurements here were performed on bi-media AL / 

CU conductors.  The solid AL / CU conductor confirmed the theory on frequencies up to 

2 kHz when enough samples per cycle produced accurate results, but it was only able to be 
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manufactured on a smaller scale.  Therefore, higher frequencies were used during testing.  

A large stranded conductor was also manufactured that is in an ideal size range of 

applicability of replacement of segmented copper conductors.  Additionally, because it was 

stranded it also confirmed the stranded bi-media conductors behave in the same fashion as 

single medium stranded conductors.  Specifically, stranded conductors have the same skin 

effect as solid conductors of the same cross-sectional areas.   

The final portion of the contribution was in the approximation of the solution.  To 

bring this solution to the industry it is imperative the solution is able to be implemented 

with more simple tools and equations.  Tables were presented in two ways:  ones to present 

standardized sizes of bi-media Air / CU and AL / CU conductors, and tables presented to 

give the designs of these bi-media conductors to replace segmented copper conductors by 

having the same AC resistance.  Additionally, cost ratios of copper to aluminum were 

provided so one could know at any point of time if the solution were the most cost effective, 

depending on the price of copper and aluminum at that point in time.  Aside from the table 

values, all the tools were also provided to design these bi-media conductors using 

simplified polynomial equations.  This included the equations that define the cross-

sectional area of the conductors, from which all other properties can be calculated.  There 

is also a formula for calculating the skin effect factor for the AL / CU design.  All designs 

presented in both tables and polynomial equations give results that are optimal designs, in 

that they represent the minima of the AC resistance possible with a bi-media design. 

7.3 Future Vision 

It has been shown that there are cost effective ranges for segmented copper 

conductors, Air / CU conductors, and AL / CU conductors.  The bi-media conductors, as 
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can be seen through the theoretical knowledge developed in this document, hinge upon the 

behavior of the current density.  Knowing this, if an insulating layer could be placed around 

each individual layer of strands the skin effect may be able to be reduced significantly.  

Understanding the current density behavior in segmented conductors will also be important 

to future work.  Currently though, the theory has not been fully developed.  A future 

application, once the current density of segmented conductor is more understood, is in 

hybrid bi-media segmented conductors.  In understanding the behavior of the current 

density the size of the segments could be optimized, and well as the size or even inclusion 

of the center conductor.  Additionally, perhaps a more optimal solution exists with the 

center of the individual segments being air, aluminum, or even both. 

Another possible area of research this dissertation opens up is in more than two 

media being used.  We know that the ideal design of the conductor has the more conductive 

medium on the outside, which can be replaced in an optimal way with a less conductive 

medium on the inside.  This is because in single medium conductors the current density is 

always highest on the outside and decreases inward.  In a bi-media conductor where a lower 

conductivity material were used on the outside, the current density also begins to decrease 

immediately moving radially inward.  However, if the material were to switch to a higher 

conductivity material on the inside it is possible the current density would be higher than 

at any point on the outside.  However, it is not optimal to use a higher conductivity material 

on the inside.  This is because some attenuation of the EM wave has already taken place, 

so you cannot possibly get as much effectiveness out of the higher conductivity material 

had it been on the outside to begin with.  Even if the high conductivity material were less 

expensive it would still make sense to use it on the outside to begin with.  Especially then 
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in such a case.  The only time it would make sense to use a lower conductivity material on 

the outside would be if it were only a thin layer for protection of the inner medium.  As far 

as optimizing AC resistance though, it would never help.  What is normally found in 

commonly used good conducting materials is that as conductivity deceases so does cost 

(e.g. in decreasing order:  silver, copper, aluminum).  Silver is generally expensive enough 

it is not worth using as a commonplace conductor.  However, optimal designs could exist 

that are from the outside to inside of the conductor:  copper, aluminum, air.  To this effect, 

graded materials may be of research interest also.  However, great care must be taken when 

working with these as they would no longer be homogeneous materials.  In any case, a 

general solution for skin effect using n materials would be of great scientific interest. 

Future research using the theory developed here would be interesting for overhead 

lines.  In overhead lines a common design is ACSR conductors, which have a steel core.  

Therefore, the core is ferrous and additional research needs to be done to see how the 

magnetization of the core affects the skin effect and AC resistance of the conductor.  This 

becomes a difficult question because the magnetization of the core is dependent upon the 

ampacity the conductor is carrying.  All work done within the dissertation was able to 

assume the skin effect was independent of the current in the conductor because the media 

were non-ferrous.  This research could also play into that of the general solution.  Perhaps 

some optimal designs exist that use copper, aluminum and steel together in a single design.   

The final interesting research note is on the hollow core.  Hollow cores are not a 

new design concept, and have been used in the past for different applications.  Some older 

applications include pumping insulating liquid or gas through the core as a means of 

insulating the conductor from ground.  Other designs, such as super-conductors, have 
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hollow parts for pumping cooling liquids into.  Extruded insulation has become the 

preferred design of cable, due to environmental and maintenance concerns.  Therefore, 

while the hollow center may not be used for insulating liquid or gas, it may still be of use 

for cooling the conductor.  This could allow for increasing future ampacity rating of the 

circuit, even if installed in present day as a hollow conductor alone.  Another possible 

application for it would be the inclusion of a DTS fiber.  Dynamic rating of conductors is 

a growing interest, and it hinges heavily upon knowing the temperature of the conductor at 

any point in time.  Currently, the DTS is often placed in a layer of the design away from 

the conductor or even outside the entire cable design altogether.  This leads to inaccurate 

results and a large time gap due to the high thermal time constant of the surrounding 

materials before changes of the conductor temperature can be reliably pinpointed at another 

location.  Having the DTS inside the conductor greatly improves this dilemma and can lead 

to improvements in smart grid technology.  This can be used to identify how much overload 

conductors can take and for how long in real time.  This could even be used in conjunction 

with cooling should requirements of the grid demand the solution.  In the end, in an Air / 

CU conductor the middle is just an empty hole.  The possibilities of what can be done with 

it are only limited to imagination.  Hopefully the work done here opens doors through 

which the creativity of others can work. 
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r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
H
0
(
x
)
 

v
a
l
u
e
=
b
e
s
s
e
l
h
(
0
,
x
*
s
q
r
t
(
1
i
)
)
;
 

 %
 
H
a
n
k
e
l
 
f
u
n
c
t
i
o
n
 
-
 
1
s
t
 
k
i
n
d
,
 
1
 
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
H
1
(
x
)
 

v
a
l
u
e
=
b
e
s
s
e
l
h
(
1
,
x
*
s
q
r
t
(
1
i
)
)
;
 

 %
 
B
e
s
s
e
l
 
-
 
m
o
d
i
f
i
e
d
 
1
s
t
 
k
i
n
d
,
 
0
 
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
I
0
(
x
)
 

v
a
l
u
e
=
b
e
s
s
e
l
i
(
0
,
x
*
s
q
r
t
(
1
i
)
)
;
 

 %
 
B
e
s
s
e
l
 
-
 
m
o
d
i
f
i
e
d
 
1
s
t
 
k
i
n
d
,
 
1
 
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
I
1
(
x
)
 

v
a
l
u
e
=
b
e
s
s
e
l
i
(
1
,
x
*
s
q
r
t
(
1
i
)
)
;
 

 %
 
B
e
s
s
e
l
 
-
 
1
s
t
 
k
i
n
d
,
 
0
 
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
J
0
(
x
)
 

v
a
l
u
e
=
b
e
s
s
e
l
j
(
0
,
x
*
s
q
r
t
(
1
i
)
)
;
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 %
 
B
e
s
s
e
l
 
-
 
1
s
t
 
k
i
n
d
,
 
1
 
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
J
1
(
x
)
 

v
a
l
u
e
=
b
e
s
s
e
l
j
(
1
,
x
*
s
q
r
t
(
1
i
)
)
;
 

 %
 
B
e
s
s
e
l
 
-
 
m
o
d
i
f
i
e
d
 
2
n
d
 
k
i
n
d
,
 
0
 
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
K
0
(
x
)
 

v
a
l
u
e
=
b
e
s
s
e
l
k
(
0
,
x
*
s
q
r
t
(
1
i
)
)
;
 

 %
 
B
e
s
s
e
l
 
-
 
m
o
d
i
f
i
e
d
 
2
n
d
 
k
i
n
d
,
 
1
 
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
K
1
(
x
)
 

v
a
l
u
e
=
b
e
s
s
e
l
k
(
1
,
x
*
s
q
r
t
(
1
i
)
)
;
 

 %
 
B
e
s
s
e
l
 
-
 
2
n
d
 
k
i
n
d
,
 
0
 
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
Y
0
(
x
)
 

v
a
l
u
e
=
b
e
s
s
e
l
y
(
0
,
x
*
s
q
r
t
(
1
i
)
)
;
 

 %
 
K
e
l
v
i
n
 
f
u
n
c
t
i
o
n
,
 
r
e
a
l
 
p
a
r
t
 
n
-
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
k
e
r
n
(
n
,
x
)
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v
a
l
u
e
=
r
e
a
l
(
b
e
s
s
e
l
k
(
n
,
x
*
s
q
r
t
(
1
i
)
)
)
;
 

 %
 
B
e
s
s
e
l
 
f
u
n
c
t
i
o
n
,
 
i
m
a
g
i
n
a
r
y
 
p
a
r
t
 
0
-
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
b
e
i
(
x
)
 

n
=
0
;
 

v
a
l
u
e
=
i
m
a
g
(
-
b
e
s
s
e
l
j
(
n
,
x
*
s
q
r
t
(
1
i
)
)
)
;
 

 %
 
B
e
s
s
e
l
 
f
u
n
c
t
i
o
n
,
 
i
m
a
g
i
n
a
r
y
 
p
a
r
t
 
n
-
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
b
e
i
n
(
n
,
x
)
 

v
a
l
u
e
=
i
m
a
g
(
-
b
e
s
s
e
l
j
(
n
,
x
*
s
q
r
t
(
1
i
)
)
)
;
 

 %
 
B
e
s
s
e
l
 
f
u
n
c
t
i
o
n
,
 
r
e
a
l
 
p
a
r
t
 
0
-
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
b
e
r
(
x
)
 

n
=
0
;
 

v
a
l
u
e
=
r
e
a
l
(
b
e
s
s
e
l
j
(
n
,
x
*
s
q
r
t
(
1
i
)
)
)
;
 

  %
 
B
e
s
s
e
l
 
f
u
n
c
t
i
o
n
,
 
i
m
a
g
i
n
a
r
y
 
r
e
a
l
 
n
-
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
b
e
r
n
(
n
,
x
)
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v
a
l
u
e
=
r
e
a
l
(
b
e
s
s
e
l
j
(
n
,
x
*
s
q
r
t
(
1
i
)
)
)
;
 

 %
 
D
e
r
i
v
a
t
i
v
e
 
o
f
 
B
e
s
s
e
l
 
f
u
n
c
t
i
o
n
,
 
i
m
a
g
i
n
a
r
y
 
p
a
r
t
 
0
-
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
D
b
e
i
(
x
)
 

n
=
0
;
 

v
a
l
u
e
=
r
e
a
l
(
(
b
e
r
n
(
n
+
1
,
x
)
-
b
e
i
n
(
n
+
1
,
x
)
)
.
/
s
q
r
t
(
2
)
)
;
 

 %
 
D
e
r
i
v
a
t
i
v
e
 
o
f
 
B
e
s
s
e
l
 
f
u
n
c
t
i
o
n
,
 
r
e
a
l
 
p
a
r
t
 
0
-
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
D
b
e
r
(
x
)
 

n
=
0
;
 

v
a
l
u
e
=
r
e
a
l
(
-
(
b
e
r
n
(
n
+
1
,
x
)
+
b
e
i
n
(
n
+
1
,
x
)
)
.
/
s
q
r
t
(
2
)
)
;
 

 %
 
D
e
r
i
v
a
t
i
v
e
 
o
f
 
K
e
l
v
i
n
 
f
u
n
c
t
i
o
n
,
 
i
m
a
g
i
n
a
r
y
 
p
a
r
t
 
0
-
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
D
k
e
i
(
x
)
 

n
=
0
;
 

f
o
r
 
c
o
u
n
t
e
r
=
1
:
1
:
l
e
n
g
t
h
(
x
)
 

 
 
 
 
i
f
 
x
(
c
o
u
n
t
e
r
)
=
=
0
 

 
 
 
 
 
 
 
 
x
(
c
o
u
n
t
e
r
)
=
x
(
c
o
u
n
t
e
r
)
+
1
e
-
1
0
0
;
 
%
 
f
i
x
e
s
 
d
i
s
c
o
n
t
i
n
u
i
t
y
 
a
t
 
x
=
0
 

 
 
 
 
e
n
d
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e
n
d
 

v
a
l
u
e
=
r
e
a
l
(
-
(
+
k
e
r
n
(
n
+
1
,
x
)
+
k
e
i
n
(
n
+
1
,
x
)
)
.
/
s
q
r
t
(
2
)
)
;
 

 %
 
D
e
r
i
v
a
t
i
v
e
 
o
f
 
K
e
l
v
i
n
 
f
u
n
c
t
i
o
n
,
 
r
e
a
l
 
p
a
r
t
 
0
-
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
D
k
e
r
(
x
)
 

n
=
0
;
 

f
o
r
 
c
o
u
n
t
e
r
=
1
:
1
:
l
e
n
g
t
h
(
x
)
 

 
 
 
 
i
f
 
x
(
c
o
u
n
t
e
r
)
=
=
0
 

 
 
 
 
 
 
 
 
x
(
c
o
u
n
t
e
r
)
=
x
(
c
o
u
n
t
e
r
)
+
1
e
-
1
0
0
;
 
%
 
f
i
x
e
s
 
d
i
s
c
o
n
t
i
n
u
i
t
y
 
a
t
 
x
=
0
 

 
 
 
 
e
n
d
 

e
n
d
 

v
a
l
u
e
=
r
e
a
l
(
(
-
k
e
r
n
(
n
+
1
,
x
)
+
k
e
i
n
(
n
+
1
,
x
)
)
.
/
s
q
r
t
(
2
)
)
;
 

 %
 
K
e
l
v
i
n
 
f
u
n
c
t
i
o
n
,
 
i
m
a
g
i
n
a
r
y
 
p
a
r
t
 
0
-
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
k
e
i
(
x
)
 

n
=
0
;
 

f
o
r
 
c
o
u
n
t
e
r
=
1
:
1
:
l
e
n
g
t
h
(
x
)
 

 
 
 
 
i
f
 
x
(
c
o
u
n
t
e
r
)
=
=
0
 

 
 
 
 
 
 
 
 
x
(
c
o
u
n
t
e
r
)
=
x
(
c
o
u
n
t
e
r
)
+
1
e
-
1
0
0
;
 
%
 
f
i
x
e
s
 
d
i
s
c
o
n
t
i
n
u
i
t
y
 
a
t
 
x
=
0
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e
n
d
 

e
n
d
 

v
a
l
u
e
=
i
m
a
g
(
b
e
s
s
e
l
k
(
n
,
x
*
s
q
r
t
(
1
i
)
)
)
;
 

 %
 
K
e
l
v
i
n
 
f
u
n
c
t
i
o
n
,
 
i
m
a
g
i
n
a
r
y
 
p
a
r
t
 
n
-
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
k
e
i
n
(
n
,
x
)
 

v
a
l
u
e
=
i
m
a
g
(
b
e
s
s
e
l
k
(
n
,
x
*
s
q
r
t
(
1
i
)
)
)
;
 

 %
 
K
e
l
v
i
n
 
f
u
n
c
t
i
o
n
,
 
r
e
a
l
 
p
a
r
t
 
0
-
o
r
d
e
r
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
k
e
r
(
x
)
 

n
=
0
;
 

T
E
M
P
v
a
l
u
e
=
r
e
a
l
(
b
e
s
s
e
l
k
(
n
,
x
*
s
q
r
t
(
1
i
)
)
)
;
 

f
o
r
 
c
o
u
n
t
e
r
=
1
:
1
:
l
e
n
g
t
h
(
x
)
 

 
 
 
 
i
f
 
T
E
M
P
v
a
l
u
e
(
c
o
u
n
t
e
r
)
=
=
I
n
f
 

 
 
 
 
 
 
 
 
T
E
M
P
v
a
l
u
e
(
c
o
u
n
t
e
r
)
=
1
e
+
1
0
0
;
 
%
 
f
i
x
e
s
 
d
i
s
c
o
n
t
i
n
u
i
t
y
 
a
t
 
x
=
0
 

 
 
 
 
e
n
d
 

e
n
d
 

v
a
l
u
e
=
T
E
M
P
v
a
l
u
e
;
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%
 
N
o
r
m
a
l
i
z
e
d
 
d
a
t
a
 

f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
n
o
r
m
a
l
i
z
e
(
x
,
n
o
r
m
a
l
i
z
e
d
_
v
a
l
u
e
)
 

v
a
l
u
e
=
x
.
/
n
o
r
m
a
l
i
z
e
d
_
v
a
l
u
e
;
 
 

 f
u
n
c
t
i
o
n
 
v
a
l
u
e
 
=
 
V
U
C
(
y
,
x
,
x
s
t
e
p
,
s
_
R
a
t
i
o
,
d
i
)
 

%
 
V
o
l
u
m
e
 
U
n
d
e
r
 
C
u
r
v
e
 
(
V
U
C
)
 
r
o
t
a
t
e
d
 
a
b
o
u
t
 
y
-
a
x
i
s
 

%
 
y
 
i
s
 
y
-
a
x
i
s
 
f
u
n
c
t
i
o
n
 
(
i
.
e
.
 
J
)
 

%
 
x
 
i
s
 
x
-
a
x
i
s
 
r
a
n
g
e
 
(
i
.
e
.
 
r
)
 

%
 
x
s
t
e
p
 
i
s
 
i
t
e
r
a
t
i
v
e
 
v
a
l
u
e
 
o
f
 
x
 

 
 

i
f
 
s
_
R
a
t
i
o
=
=
1
 
%
 
C
a
l
c
u
l
a
t
e
 
b
a
s
e
d
 
o
n
 
1
 
m
e
t
a
l
 

 
 
 
 
V
o
l
u
m
e
C
y
l
i
n
d
e
r
=
p
i
.
*
m
a
x
(
x
)
.
^
2
.
*
m
a
x
(
y
)
-
p
i
.
*
m
i
n
(
x
)
.
^
2
.
*
m
a
x
(
y
)
;
 

 
 
 
 
V
o
l
u
m
e
U
n
d
e
r
C
u
r
v
e
=
2
.
*
p
i
.
*
(
t
r
a
p
z
(
x
.
*
y
.
*
x
s
t
e
p
,
2
)
)
;
 

 
 
 
 
k
s
k
V
U
C
=
V
o
l
u
m
e
C
y
l
i
n
d
e
r
/
V
o
l
u
m
e
U
n
d
e
r
C
u
r
v
e
;
 

e
l
s
e
 
%
 
C
a
l
c
u
l
a
t
e
 
b
a
s
e
d
 
o
n
 
2
 
m
e
t
a
l
s
 
 
 
 
 

 
 
 
 
%
 
D
i
v
i
d
e
 
r
 
a
n
d
 
J
 
i
n
t
o
 
i
n
n
e
r
 
a
n
d
 
o
u
t
e
r
 
b
o
u
n
d
a
r
i
e
s
 

 
 
 
 
y
1
=
y
(
1
:
d
i
)
;
 

 
 
 
 
y
2
=
y
(
d
i
+
1
:
l
e
n
g
t
h
(
y
)
)
;
 

 
 
 
 
x
1
=
x
(
1
:
d
i
)
;
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x
2
=
x
(
d
i
+
1
:
l
e
n
g
t
h
(
x
)
)
;
 
 
 
 
 
 
 
 

 
 
 
 
%
 
G
e
t
 
c
y
l
i
n
d
e
r
 
v
o
l
u
m
e
s
 
(
n
o
t
e
:
 
b
o
t
h
 
w
i
t
h
 
h
e
i
g
h
t
 
o
f
 
c
u
r
v
e
 
2
)
 

 
 
 
 
V
o
l
u
m
e
C
y
l
i
n
d
e
r
1
=
p
i
.
*
m
a
x
(
x
1
)
.
^
2
.
*
m
a
x
(
y
2
)
;
 

 
 
 
 
V
o
l
u
m
e
C
y
l
i
n
d
e
r
2
=
p
i
.
*
m
a
x
(
x
2
)
.
^
2
.
*
m
a
x
(
y
2
)
-
p
i
.
*
m
i
n
(
x
2
)
.
^
2
.
*
m
a
x
(
y
2
)
;
 

 
 
 
 
%
 
A
d
j
u
s
t
 
i
n
n
e
r
 
c
y
l
i
n
d
e
r
 
v
o
l
u
m
e
 
t
o
 
d
i
f
f
e
r
e
n
c
e
 
m
e
t
a
l
 

 
 
 
 
V
o
l
u
m
e
C
y
l
i
n
d
e
r
1
=
V
o
l
u
m
e
C
y
l
i
n
d
e
r
1
*
s
_
R
a
t
i
o
;
 

 
 
 
 
%
 
G
e
t
 
v
o
l
u
m
e
 
u
n
d
e
r
 
e
a
c
h
 
c
u
r
v
e
 

 
 
 
 
V
o
l
u
m
e
U
n
d
e
r
C
u
r
v
e
1
=
2
.
*
p
i
.
*
(
t
r
a
p
z
(
x
1
.
*
y
1
.
*
x
s
t
e
p
,
2
)
)
;
 

 
 
 
 
V
o
l
u
m
e
U
n
d
e
r
C
u
r
v
e
2
=
2
.
*
p
i
.
*
(
t
r
a
p
z
(
x
2
.
*
y
2
.
*
x
s
t
e
p
,
2
)
)
;
 

 
 
 
 
%
 
G
e
t
 
t
o
t
a
l
 
v
o
l
u
m
e
s
 
u
n
d
e
r
 
b
o
t
h
 
c
u
r
v
e
s
 

 
 
 
 
V
o
l
u
m
e
C
y
l
i
n
d
e
r
=
V
o
l
u
m
e
C
y
l
i
n
d
e
r
1
+
V
o
l
u
m
e
C
y
l
i
n
d
e
r
2
;
 

 
 
 
 
V
o
l
u
m
e
U
n
d
e
r
C
u
r
v
e
=
V
o
l
u
m
e
U
n
d
e
r
C
u
r
v
e
1
+
V
o
l
u
m
e
U
n
d
e
r
C
u
r
v
e
2
;
 
 
 

 
 
 
 
%
 
G
e
t
 
f
i
n
a
l
 
k
s
k
 
v
a
l
u
e
 

 
 
 
 
k
s
k
V
U
C
=
V
o
l
u
m
e
C
y
l
i
n
d
e
r
/
V
o
l
u
m
e
U
n
d
e
r
C
u
r
v
e
;
 
 

e
n
d
 

%
 
R
e
t
u
r
n
 
f
i
n
a
l
 
v
a
l
u
e
 

v
a
l
u
e
=
k
s
k
V
U
C
;
 

 %
 
C
l
e
a
r
 
s
c
r
e
e
n
,
 
s
e
t
 
p
l
o
t
 
l
i
n
e
 
w
i
d
t
h
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c
l
c
;
 
c
l
e
a
r
 
a
l
l
;
 
c
l
o
s
e
 
a
l
l
;
 

s
e
t
(
0
,
'
d
e
f
a
u
l
t
l
i
n
e
l
i
n
e
w
i
d
t
h
'
,
1
.
5
)
 

 
 

%
 
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
 

%
 
V
a
r
i
a
b
l
e
s
 

f
=
6
0
;
 
%
 
f
r
e
q
u
e
n
c
y
,
 
H
z
 

T
=
9
0
;
 
%
 
c
o
n
d
u
c
t
o
r
 
t
e
m
p
e
r
a
t
u
r
e
 
f
o
r
 
c
a
l
c
u
l
a
t
i
o
n
s
,
 
d
e
g
C
 

r
_
m
i
n
=
0
;
 
%
 
f
i
r
s
t
 
o
p
t
i
m
a
l
 
b
i
-
m
e
d
i
a
 
p
o
i
n
t
,
 
m
m
 

r
_
m
a
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p
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p
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=
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+
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p
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=
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.
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.
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p
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.
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+
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+
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p
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=
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+
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l
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p
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p
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p
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p
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p
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p
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e
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e
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.
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.
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.
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p
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m
_
o
u
t
]
,
[
'
3
x
:
 
'
 
m
e
d
i
u
m
_
i
n
 
'
 
+
 
'
 
m
e
d
i
u
m
_
o
u
t
]
,
.
.
.
 

 
 
 
 
 
 
 
 
[
'
4
x
:
 
S
e
g
m
e
n
t
e
d
 
'
 
m
e
d
i
u
m
_
o
u
t
]
,
[
'
4
x
:
 
'
 
m
e
d
i
u
m
_
i
n
 
'
 
+
 
'
 
m
e
d
i
u
m
_
o
u
t
]
)
 

 
 
 
 
x
l
a
b
e
l
(
[
'
N
o
m
i
n
a
l
 
A
r
e
a
 
(
m
m
^
2
)
'
]
)
;
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y
l
a
b
e
l
(
'
C
o
s
t
 
(
$
/
m
)
'
)
;
 

 
 
 
 
x
l
i
m
(
[
0
 
3
5
0
0
]
)
 

 
 
 
 
i
f
 
s
t
r
c
m
p
(
m
e
d
i
u
m
_
i
n
,
'
A
i
r
'
)
 

 
 
 
 
 
 
 
 
i
f
 
s
t
r
c
m
p
(
m
e
d
i
u
m
_
o
u
t
,
'
A
L
'
)
 

 
 
 
 
 
 
 
 
 
 
 
 
t
i
t
l
e
(
[
'
M
e
t
a
l
 
C
o
s
t
 
(
A
l
=
$
'
 
n
u
m
2
s
t
r
(
c
o
s
t
_
a
l
_
l
b
,
'
%
.
2
f
'
)
 
'
/
l
b
)
'
]
)
;
 

 
 
 
 
 
 
 
 
e
l
s
e
 

 
 
 
 
 
 
 
 
 
 
 
 
t
i
t
l
e
(
[
'
M
e
t
a
l
 
C
o
s
t
 
(
C
u
=
$
'
 
n
u
m
2
s
t
r
(
2
*
c
o
s
t
_
a
l
_
l
b
,
'
%
.
2
f
'
)
 
'
-
'
 
n
u
m
2
s
t
r
(
4
*
c
o
s
t
_
a
l
_
l
b
,
'
%
.
2
f
'
)
 

'
/
l
b
)
'
]
)
;
 

 
 
 
 
 
 
 
 
e
n
d
 

 
 
 
 
e
l
s
e
 

 
 
 
 
 
 
 
 
t
i
t
l
e
(
[
'
M
e
t
a
l
 
C
o
s
t
 
(
A
l
=
$
'
 
n
u
m
2
s
t
r
(
c
o
s
t
_
a
l
_
l
b
,
'
%
.
2
f
'
)
 
'
/
l
b
,
 
C
u
=
$
'
 
n
u
m
2
s
t
r
(
2
*
c
o
s
t
_
a
l
_
l
b
,
'
%
.
2
f
'
)
 
'
-
'
 

.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
 
n
u
m
2
s
t
r
(
4
*
c
o
s
t
_
a
l
_
l
b
,
'
%
.
2
f
'
)
 
'
/
l
b
)
'
]
)
;
 

 
 
 
 
e
n
d
 

 
 
 
 
g
r
i
d
 
o
n
;
 

 
 
 
 
%
 
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
 

 
 
 
 
%
 
P
l
o
t
 
c
o
s
t
 
d
e
l
t
a
 
f
r
o
m
 
s
e
g
m
e
n
t
e
d
 
t
o
 
b
i
-
m
e
d
i
a
 

 
 
 
 
s
u
b
p
l
o
t
(
2
,
2
,
4
)
;
 

 
 
 
 
p
l
o
t
(
a
r
e
a
_
s
e
g
m
e
n
t
e
d
_
n
o
m
i
n
a
l
,
c
o
s
t
_
d
e
l
t
a
_
2
,
'
r
-
'
,
.
.
.
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a
r
e
a
_
s
e
g
m
e
n
t
e
d
_
n
o
m
i
n
a
l
,
c
o
s
t
_
d
e
l
t
a
_
3
,
'
b
-
'
,
.
.
.
 

 
 
 
 
 
 
 
 
a
r
e
a
_
s
e
g
m
e
n
t
e
d
_
n
o
m
i
n
a
l
,
c
o
s
t
_
d
e
l
t
a
_
4
,
'
m
-
'
)
 

 
 
 
 
i
f
 
s
t
r
c
m
p
(
m
e
d
i
u
m
_
i
n
,
'
A
L
'
)
 

 
 
 
 
 
 
 
 
l
e
g
e
n
d
(
'
C
u
/
A
l
=
2
x
'
,
'
C
u
/
A
l
=
3
x
'
,
'
C
u
/
A
l
=
4
x
'
)
 

 
 
 
 
e
n
d
 

 
 
 
 
x
l
a
b
e
l
(
[
'
N
o
m
i
n
a
l
 
A
r
e
a
 
(
m
m
^
2
)
'
]
)
;
 

 
 
 
 
y
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a
b
e
l
(
'
C
o
s
t
 
D
e
l
t
a
 
(
%
)
'
)
;
 

 
 
 
 
x
l
i
m
(
[
0
 
3
5
0
0
]
)
 

 
 
 
 
t
i
t
l
e
(
[
'
S
e
g
m
e
n
t
e
d
 
t
o
 
B
i
-
m
e
d
i
a
 
C
o
s
t
 
D
e
l
t
a
'
]
)
;
 

 
 
 
 
g
r
i
d
 
o
n
;
 

 
 
 
 
%
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*
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*
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*
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*
 

 
 
 
 
%
 
C
u
r
r
e
n
t
 
D
e
n
s
i
t
y
 

 
 
 
 
%
 
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
 

 
 
 
 
i
f
 
r
_
i
n
_
J
=
=
0
 
%
 
i
f
 
t
h
e
r
e
 
i
s
 
n
o
 
o
p
t
i
m
a
l
 
p
o
i
n
t
 
(
i
.
e
.
 
s
i
n
g
l
e
 
m
e
d
i
u
m
)
 

 
 
 
 
 
 
 
 
r
=
l
i
n
s
p
a
c
e
(
1
e
-
9
9
,
r
_
J
_
p
l
o
t
*
0
.
0
0
1
,
Z
_
p
t
s
)
;
 

 
 
 
 
 
 
 
 
J
=
J
0
(
m
_
o
u
t
.
*
r
)
;
 

 
 
 
 
e
l
s
e
 
%
 
i
f
 
t
h
e
r
e
 
i
s
 
a
n
 
o
p
t
i
m
a
l
 
p
o
i
n
t
 
(
i
.
e
.
 
b
i
-
m
e
d
i
a
)
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r
2
=
l
i
n
s
p
a
c
e
(
r
_
i
n
_
J
,
r
_
J
_
p
l
o
t
*
0
.
0
0
1
,
r
o
u
n
d
(
Z
_
p
t
s
*
(
1
-
1
0
0
0
*
r
_
i
n
_
J
/
r
_
J
_
p
l
o
t
)
)
)
;
 

 
 
 
 
 
 
 
 
d
=
-
(
J
1
(
m
_
i
n
.
*
r
_
i
n
_
J
)
.
*
J
0
(
m
_
o
u
t
.
*
r
_
i
n
_
J
)
-
(
m
_
o
u
t
/
m
_
i
n
)
.
*
J
0
(
m
_
i
n
.
*
r
_
i
n
_
J
)
.
*
J
1
(
m
_
o
u
t
.
*
r
_
i
n
_
J
)
)
.
/
.
.
.
 

 
 
 
 
 
 
 
 
 
 
 
(
J
1
(
m
_
i
n
.
*
r
_
i
n
_
J
)
.
*
H
0
(
m
_
o
u
t
.
*
r
_
i
n
_
J
)
-
(
m
_
o
u
t
/
m
_
i
n
)
.
*
J
0
(
m
_
i
n
.
*
r
_
i
n
_
J
)
.
*
H
1
(
m
_
o
u
t
.
*
r
_
i
n
_
J
)
)
;
 

 
 
 
 
 
 
 
 
J
_
o
u
t
=
J
0
(
m
_
o
u
t
.
*
r
2
)
+
d
.
*
H
0
(
m
_
o
u
t
.
*
r
2
)
;
 
%
 
c
u
r
r
e
n
t
 
d
e
n
s
i
t
y
 
o
f
 
o
u
t
e
r
 
c
o
n
d
u
c
t
o
r
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
r
1
=
l
i
n
s
p
a
c
e
(
1
e
-
9
9
,
r
_
i
n
_
J
,
Z
_
p
t
s
-
r
o
u
n
d
(
Z
_
p
t
s
*
(
1
-
1
0
0
0
*
r
_
i
n
_
J
/
r
_
J
_
p
l
o
t
)
)
)
;
 

 
 
 
 
 
 
 
 
J
_
i
n
=
J
0
(
m
_
i
n
.
*
r
1
)
;
 
%
 
c
u
r
r
e
n
t
 
d
e
n
s
i
t
y
 
o
f
 
i
n
n
e
r
 
c
o
n
d
u
c
t
o
r
 

 
 
 
 
 
 
 
 
J
_
i
n
=
n
o
r
m
a
l
i
z
e
(
J
_
i
n
,
m
a
x
(
J
_
i
n
)
.
/
(
J
_
o
u
t
(
1
)
*
(
p
_
o
u
t
/
p
_
i
n
)
)
)
;
 
%
 
n
o
r
m
a
l
i
z
e
 
i
n
n
e
r
 
s
t
a
r
t
 
w
i
t
h
 
o
u
t
e
r
 
e
n
d
 

 
 
 
 
 
 
 
 
i
f
 
l
e
n
g
t
h
(
r
1
)
=
=
1
 
%
 
r
 
a
n
d
 
J
 
c
o
m
p
o
s
e
d
 
o
n
l
y
 
o
f
 
o
u
t
e
r
 
m
e
t
a
l
 

 
 
 
 
 
 
 
 
 
 
 
 
J
=
J
_
o
u
t
;
 

 
 
 
 
 
 
 
 
 
 
 
 
r
=
r
2
;
 

 
 
 
 
 
 
 
 
e
l
s
e
i
f
 
l
e
n
g
t
h
(
r
2
)
=
=
1
 
%
 
r
 
a
n
d
 
J
 
c
o
m
p
o
s
e
d
 
o
n
l
y
 
o
f
 
i
n
n
e
r
 
m
e
t
a
l
 

 
 
 
 
 
 
 
 
 
 
 
 
J
=
J
_
i
n
;
 
 

 
 
 
 
 
 
 
 
 
 
 
 
r
=
r
1
;
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
e
l
s
e
 
%
 
r
 
a
n
d
 
J
 
c
o
m
p
o
s
e
d
 
o
f
 
c
o
m
b
i
n
a
t
i
o
n
 
o
f
 
i
n
n
e
r
 
a
n
d
 
o
u
t
e
r
 
m
e
t
a
l
 

 
 
 
 
 
 
 
 
 
 
 
 
J
=
[
J
_
i
n
,
J
_
o
u
t
]
;
 

 
 
 
 
 
 
 
 
 
 
 
 
r
=
[
r
1
,
r
2
]
;
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
e
n
d
 

 
 
 
 
e
n
d
 

 
 
 
 
J
=
n
o
r
m
a
l
i
z
e
(
J
,
m
a
x
(
J
)
)
;
 
%
 
n
o
r
m
a
l
i
z
e
 
c
u
r
r
e
n
t
 
d
e
n
s
i
t
y
 
d
a
t
a
 



 
  

317 

 
 
 
 
i
f
 
s
t
r
c
m
p
(
I
s
M
i
x
e
d
,
'
N
o
'
)
 

 
 
 
 
 
 
 
 
Z
(
I
D
)
=
V
U
C
(
J
,
r
,
r
_
J
_
p
l
o
t
*
0
.
0
0
1
/
Z
_
p
t
s
,
1
,
I
D
)
;
 
%
 
v
o
l
u
m
e
 
u
n
d
e
r
 
t
h
e
 
c
u
r
v
e
 
(
b
i
-
m
e
d
i
a
)
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
e
l
s
e
 

 
 
 
 
 
 
 
 
Z
(
I
D
)
=
V
U
C
(
J
,
r
,
r
_
J
_
p
l
o
t
*
0
.
0
0
1
/
Z
_
p
t
s
,
p
_
o
u
t
/
p
_
i
n
,
I
D
)
;
 
%
 
v
o
l
u
m
e
 
u
n
d
e
r
 
t
h
e
 
c
u
r
v
e
 
(
b
i
-
m
e
d
i
a
)
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
e
n
d
 
 
 
 

 
 
 
 
%
 
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
 

 
 
 
 
i
f
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t
r
c
m
p
(
m
e
d
i
u
m
_
i
n
,
'
A
i
r
'
)
 

 
 
 
 
 
 
 
 
f
i
g
u
r
e
(
5
)
;
 

 
 
 
 
e
l
s
e
 

 
 
 
 
 
 
 
 
f
i
g
u
r
e
(
6
)
;
 

 
 
 
 
e
n
d
 
 
 
 

 
 
 
 
%
 
P
l
o
t
 
c
u
r
r
e
n
t
 
d
e
n
s
i
t
y
:
 
r
e
a
l
 
p
a
r
t
 
(
a
t
 
s
p
e
c
i
f
i
e
d
 
J
 
r
a
d
i
u
s
)
 

 
 
 
 
s
u
b
p
l
o
t
(
2
,
2
,
1
)
 

 
 
 
 
p
l
o
t
(
1
0
0
0
.
*
r
,
r
e
a
l
(
J
)
,
'
r
-
'
,
[
1
0
0
0
.
*
r
_
i
n
_
J
,
1
0
0
0
.
*
r
_
i
n
_
J
]
,
[
m
i
n
(
r
e
a
l
(
J
)
)
,
1
]
,
'
b
-
-
'
)
 

 
 
 
 
a
x
i
s
(
[
1
0
0
0
*
m
i
n
(
r
)
 
1
0
0
0
*
m
a
x
(
r
)
 
m
i
n
(
r
e
a
l
(
J
)
)
 
1
]
)
 
 

 
 
 
 
l
e
g
e
n
d
(
'
D
e
n
s
i
t
y
'
,
'
T
r
a
n
s
i
t
i
o
n
'
)
 

 
 
 
 
t
i
t
l
e
(
'
C
u
r
r
e
n
t
 
D
e
n
s
i
t
y
 
(
R
e
a
l
)
'
)
;
 

 
 
 
 
x
l
a
b
e
l
(
'
C
o
n
d
u
c
t
o
r
 
R
a
d
i
u
s
 
(
m
m
)
'
)
;
 

 
 
 
 
y
l
a
b
e
l
(
'
N
o
r
m
a
l
i
z
e
d
 
D
e
n
s
i
t
y
'
)
;
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g
r
i
d
 
o
n
;
 
 

 
 
 
 
%
 
P
l
o
t
 
c
u
r
r
e
n
t
 
d
e
n
s
i
t
y
:
 
a
l
l
 
p
a
r
t
s
 
(
a
t
 
s
p
e
c
i
f
i
e
d
 
J
 
r
a
d
i
u
s
)
 

 
 
 
 
s
u
b
p
l
o
t
(
2
,
2
,
2
)
 

 
 
 
 
p
l
o
t
(
1
0
0
0
.
*
r
,
r
e
a
l
(
J
)
,
'
r
-
'
,
1
0
0
0
.
*
r
,
i
m
a
g
(
J
)
,
'
m
-
'
,
1
0
0
0
.
*
r
,
a
b
s
(
J
)
,
'
k
-
'
,
[
1
0
0
0
.
*
r
_
i
n
_
J
,
1
0
0
0
.
*
r
_
i
n
_
J
]
,
[
-

1
,
1
]
,
'
b
-
-
'
)
 

 
 
 
 
x
l
i
m
(
[
1
0
0
0
*
m
i
n
(
r
)
 
1
0
0
0
*
m
a
x
(
r
)
]
)
 
 

 
 
 
 
l
e
g
e
n
d
(
'
D
e
n
s
i
t
y
 
(
R
e
a
l
)
'
,
'
D
e
n
s
i
t
y
 
(
I
m
a
g
)
'
,
'
D
e
n
s
i
t
y
 
(
A
b
s
)
'
,
'
T
r
a
n
s
i
t
i
o
n
'
)
 

 
 
 
 
t
i
t
l
e
(
'
C
u
r
r
e
n
t
 
D
e
n
s
i
t
y
 
(
A
l
l
)
'
)
;
 

 
 
 
 
x
l
a
b
e
l
(
'
C
o
n
d
u
c
t
o
r
 
R
a
d
i
u
s
 
(
m
m
)
'
)
;
 

 
 
 
 
y
l
a
b
e
l
(
'
N
o
r
m
a
l
i
z
e
d
 
D
e
n
s
i
t
y
'
)
;
 

 
 
 
 
g
r
i
d
 
o
n
;
 
 

 
 
 
 
P
l
o
t
_
J
=
'
N
'
;
 
 
 
 
 
 

 
 
 
 
%
 
P
l
o
t
 
A
C
 
&
 
D
C
 
r
e
s
i
s
t
a
n
c
e
 
(
0
 
t
o
 
r
_
m
a
x
)
 

 
 
 
 
s
u
b
p
l
o
t
(
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,
2
,
3
)
 

 
 
 
 
p
l
o
t
(
1
0
0
0
.
*
r
_
i
n
,
R
a
c
,
'
r
-
'
,
1
0
0
0
.
*
r
_
i
n
,
R
d
c
,
'
b
-
'
)
 

 
 
 
 
t
i
t
l
e
(
[
'
A
C
 
&
 
D
C
 
R
e
s
i
s
t
a
n
c
e
 
(
A
l
l
 
'
 
m
e
d
i
u
m
_
i
n
 
'
 
C
o
r
e
 
S
i
z
e
s
)
'
]
)
;
 

 
 
 
 
x
l
a
b
e
l
(
[
m
e
d
i
u
m
_
i
n
 
'
 
I
n
n
e
r
 
R
a
d
i
u
s
 
(
m
m
)
'
]
)
;
 

 
 
 
 
y
l
a
b
e
l
(
'
R
e
s
i
s
t
a
n
c
e
 
(
o
h
m
/
m
)
'
)
;
 

 
 
 
 
x
l
i
m
(
[
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r
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a
x
]
)
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i
f
 
s
t
r
c
m
p
(
m
e
d
i
u
m
_
i
n
,
'
A
i
r
'
)
 

 
 
 
 
 
 
 
 
y
l
i
m
(
[
0
.
9
*
m
i
n
(
R
d
c
)
 
3
*
m
i
n
(
R
d
c
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)
 

 
 
 
 
e
n
d
 

 
 
 
 
g
r
i
d
 
o
n
;
 
 

 
 
 
 
%
 
P
l
o
t
 
s
k
i
n
 
e
f
f
e
c
t
 
o
f
 
b
i
-
m
e
d
i
a
 
(
0
 
t
o
 
r
_
m
a
x
)
 

 
 
 
 
s
u
b
p
l
o
t
(
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,
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,
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)
 

 
 
 
 
p
l
o
t
(
1
0
0
0
.
*
r
_
i
n
,
R
a
c
.
/
R
d
c
,
'
r
-
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)
 

 
 
 
 
t
i
t
l
e
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[
'
S
k
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E
f
f
e
c
t
 
(
A
l
l
 
'
 
m
e
d
i
u
m
_
i
n
 
'
 
C
o
r
e
 
S
i
z
e
s
)
'
]
)
;
 

 
 
 
 
x
l
a
b
e
l
(
[
m
e
d
i
u
m
_
i
n
 
'
 
I
n
n
e
r
 
R
a
d
i
u
s
 
(
m
m
)
'
]
)
;
 

 
 
 
 
y
l
a
b
e
l
(
'
R
_
a
_
c
 
/
 
R
_
d
_
c
'
)
;
 

 
 
 
 
g
r
i
d
 
o
n
;
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
x
l
i
m
(
[
0
 
r
_
m
a
x
]
)
 

 
 
 
 
P
l
o
t
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=
'
N
'
;
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